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In [ 2"Th~，o;阿岨弘1J K.， R亘Fullel事ave -ggawand S11凱dent
むonditionsfOf :proJedtVe left modul曲1.ooe加j~etiveov:er a leftartinian 
rng. First We Gonsider on lhi$山e'ore:tn. And next We genex4liz.e 
もlteもheommby giviag 蹴 cessazF相 ，dSll鼠ds叫 ωflditIQ'ns倫 q馳岱
pmj:邸tおremo伽I錦 t:g"b，e in.j:e:Qtiv'e :and o:nesお¥r~qll舗Linjedve
10 be pEoj2edivea 
In [ 2， The:orem 2.4 ] 日iUeralso gaVe a n.atural :one to on，e ，()Or-
EespORdezlce batween thehomog倒的'il1iJc'(¥)imp.:onents of the 1o-油 up:p:er
〈主esp.l'Gwer ) Loewy fa;c'or of' a.n inj，eciIv(!誼酔tR-rnodu:le E alid 
毛主'e'"A-th Iowe':r '( 鴎:st.upper) Loewy 抱etot(){ R昆fwhene拘zfR
i_s， the ，tQj~:çtivé Cf)ve，l oi油危sode。fE， wkea f i:S a pi;lro挑rve
idempi叫GM1naEaghsauiRiaBzin盆J2.L，ast W~ i3hft.1l露bea com:p}ete 
C;()u.ssp，ondence betwe~ll 誕百[ple $'ubrnodules oi the 1st upper Lo側 y
fa.cto;r oi 1 a;ud the 1st lower Loew;y f:actor of Ril.J. 
Thtoughout 出tsp締官 R Is a関凶prima.r:主hgwithMeMity and 
品関i14Uil~怠制縁側蜘iF F吃総選t，.le!l¥t .R，咽咽iuhMwe demte主hecomp倒itiozl
i側 g1.おofM hy IIMH， the i吋艇抵vehuHofM by EIIMLthe sodeof M 
均 S{MLt腕為政胸繍m占Gdof M by Ead{M}aM theiGp Mjzad〈M}
N wewdse JV53M{resp.Nd反MFOま組合dul胸躍郡tdbgT(M}ー
》笹 3Ufs縮機捌i品(Ii邸p_..a. &ma川 suhmodEIl判 fMFOE a s的関tB 
of R 組品納d磁Xl:fj;鴎 rをRJ鴨 den峨iおay'1' tお@融apJS→ Sr dd11ed-
And .1;侃 rsu;æ~t'$ !J ，ij)'凶 T of R we wriもe
hpd凶tIveidemp:Qt剛容 saM f we倒越路蹴thepair UJZ，JZejtsau 
We put J?詰品(T)=いをS|砂TzB}a凶7i';$fT}担{績を S i Ta=B}込
via 設 I) sr fQ:r叫1.6'e8.
rd(Rd. 
りαtpifS(fJZM陶T(eJtd制 S〈忍刷出T(aRf}サ Andliぽid側側eats
~! 1州事。fR wecd伽 tR 86t凶闘志恥伽di杭OJRDぷg!?忽]〈 map-
qvsf事4}貨もhede舵-ered泊客chainωMitton{abMWM8d DCC)t holds 
切 {rgR4f}lJis a lefもfRf-sub加o，d酌cdj均}{附p.， {IIR~{I'う lF
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? ??， ?おa語審ht.eJle噌nbmod由ぱ gRe:}}{叫zdV4偲均
ACC} 加M$伽 {lfRAFF}iET is a Eight eRe， eoadi4ion{abbまe:vla総d
sabmod副会ofORe 3{r錦亭いSadi)|I忌aleftftzfmsubmoduleotfRg 
MLAdif凶品棚鋤榔 DTIf， wi 制 D1{f~g，sI紙偽.tis恥 d'}W~ 
cdth航箆欄凶慨もhe-~棚ditf側 n[i~ fJ.~， e J.
Section 1 is P凶i樹齢想像 In'S'e忍耐也事附伽3id官側 f~'l Thぬ，t~m 8".1 
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]. The mai，n :te'sults a.xe th.re JoRowing Theo;rems 1組 d2.， 
THEoREM 1.， LeJ e be a p付mitive'idempotertt oJ R. Th.en the JoUowing 
twa co:nditdQn~ 併'，6 ~gu i:taleilt. 
〈1)nReisinjedit18・
(2) Thf:1'e e:r;ists.α:p'rimiiiv'e ui(i'f[l;fXoie14t f 01 R :8似品thfgz
。)(fRFRe)ts ant-pairy 
(i) lfRWne(X) ~ X /01'食ngtqfs fRf側 ，bmodu/.eX ，{)J i R.
THEQREM 2. Let e and f be pritnixive idempotents ()f R such thai 
(fR世le)is aぬ tfaiT， TA鈎執eI()Uo wi.ng;抗'l'f!laCiJ九ditid1J，Sf1<re e1J1kivalent. 
(l) RらRe ts artitMη 
(2) fEl.j fR is (;1，1'tin，i肌
(3)' 1iJ，σt'h R;R-e and fFlR are ，i伐jeef初&
Andin s:ゑctio:n3 We pro刊 tlafonowin~ Theorem 3:In which [2， Theorem 
3.11is generaIi恥d，
TSEO'REM 3，. Let e and f bおe1'1'吋mimTWm問F玲叫吋吋Edit品似i仰
t坊hαat R s“αt的i白sザifei邸均S Ur[l~ 1ム1eJ a:組nd Dt[!， f軍パe寸}争 Tken t，he: Jol10 ωin9. jo.ur 
CD.TLt1iti.Q<玲SGreegM紗de総本
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ぬqTAGsi-injectttIemthSURM関 T(eRR，).
dejtnes the MoriJta d伽{itgお拘e，ent.J，e catego!fy ，of /in.itel1J 
tS: 8~知ple，.
S(JltJi，)同 T(eRR)，
lfR(Re) = 0， 
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(a) (1) 
ge:ntJ.rated. left fRf -m.adu./e.$ CJ，na the cαte!JO'r京0/β.nituyge，ner、atert
and 8(j ReeReJ 
right ehJeザ1lA(.，fR}-例。ddes-
ts輔説議事dfke時=?JhU斡
The，orem 3 th~ 槌sumption that S(raffRe) 
MOT切Vft' f~， ~I (1) 
To show $ 百
間付加苧ledays an important role-With a 位制l~ 路間胤ption we approach 
CO.l:ls~tumtly we have the制lowingtQ a &pecial cas~ of [2， Theorem 2.4 J.
Suppose 
In section 4we prove this. 
Let叫んい・ 3ん hp:T47ntt附 4def官zpcte匁tsoJR. 
Th:eQ鵠調4.
THEOREM4-
S(j;.R:ieRe) and S(fiRfJdl.e) 
1'4閥均R吟儲9iT(aRA)れ吋odgザ
αre αfzd aoth 
@LR Uthe pmjectt悦 eo附 ofE(T(eRR}). 
強
])1 [/;， 1~ ~1 
simp.le Jo;:r ，側主 ie{I戸 市}
側ti奇声es2: that 
九
'‘ 
1. PREL時fINARIBS
Let ，e h~ 仰 idempQtentof R. For right (rest. left ) ideal 1 of 
R and $をfwe dmo旬 bylzlgzm(resp.邑fxl~ fl ) (εN) tom回n
zε11(1"蜘e}ー l{.J加.，-;teJ( t樹p，g廷内、(eJm)-PI(eJ悦-'1))， where We let N 
be a set of posiUve integers. 
L EMMA 1. bOit e oloi.a J be ia'判官:PQt e:'fiI， t.s'0 f 1t 
(1) $uPPO$fJ thαt s tsαsimple T切htR-module， 
then S・eeReis simple '01'色
(t:) SUPlos8鵡αtS(jR混}ぉmap-ha符aS{fRR}吃ヂ夙
then S(fR685u)=S(fRR〉hgeh 側 ditおstrnpiee
(3) Suppose th.at S(JRJJRe) anr1 S(f ReeRe) are simpJe? 
then S(JR1! 
Prθ'0[. (1)， (~J : E縮予
(3) ; Since S(f Rel;Re) Is simple事 fRf . S(f ReeI!，e.) = S(f ReeRe)， Le. 
S(I Ree&} is aleit f Rf-module， Therefore we hav~ S(fReefl:e).'2 S(fRfl Re) 
si:nce S(j.R，f f R~) お shnple. The rema.tr地:rhobt&inedbf the ωnver総
ar:gument. 
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L，EMMA 2、Late 開 df 的 i，~t2蜘Fete興施 ef R 制tl， S{! R，:t，eRe i主
SUNfE吟 納品簿毛 j豆 秘話為 ;伊le盈L Tbnlmle 重 t~I~-1 lor 'Gt吻
r E fJf. 
PT0414et 凶器zzn.Th剖l(0#}匁Jト1egS(fRedRJ(=JI恥 (eJe))バ
So dMe s s(fRffIRE3by削減血ptzh- 'Th~t，~Q，t~ トg，Jn-2e=0、?ii
kxt~ 豆 n- l，
先LBYLemma，2weseaabattfa{Pejiifdp-4吋時&開削節m-
plele説 fJZj俸制oduhsbz 蹴h 附，ÌtîV'~i附 8s'X r1" und!u' t_h;e'繍脚;協同一…;.i
LEMMA 乱 Let e側dfaeF794mitttIe ide制:p~~~~t，$:&1 R:側 chthat80th 
S(f持fRe)rbfzdS(fReeh)are s伽
fRg御坊 J暴JZfoT拘 J鵡etdempolteぬtg cf昆 P材"は側協{1怨 J~I xε
zisuppose tM8}稔弘容i}semmphi首席fRf仰向島 JRJVlf!n
~fR(Jhi-l吟f)). 間勺瀦?動制鱗 側t.{ii} In fyaV凶露) ~ J{. Theη we k認。を
ve gJぬ.-i1e:$銑chtaMIT事長ORand Kr20e 
Fraetwer窓取締側路間出品 K 脳乱拙制加ill抱負JRI"側 bmαduieQfi 
T事隣組de磁老舗tsoez-E and Fut V:国 gJ見FEe- Fur地位腕£事政
ゐ
蹴却ν~， ~， _，叫麗E時 bRip-匂)k)'制民(Y'1嘗 IRJx:怠+玄JRf
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「，. 
J n f/:1:.(ly.，.le' hy the師側州側 (益Lwherek ismiqudy detemi鵬首多
tRt(I/(intt汲(Jトl，eìn 母船b:~仰糊誠艇eda溺a..fRJ l! J.vex:t'rJ):t space. 
kzZfRfwi+znJfdJV16}bythe郁smlp主io，n制令 somehave
to-
〈(#} rv{{忽0:1叫l，… ?叫}}#γv({W1f・ 1初寸}
si恥
Wh~n， 必需81ittsde位
Whenh勾1. A榔U孤@th叫 C#}huot 制~isfitïd後 ThenW@can ddnea 
時hteRe噌pt加mpるお:闘 42zuzV→ Wo.V hy ωlr同 mpfb霊 T巴VVS11侃
}加盟J~ :=， I <V，tl r畠皆既， 勝IVz拘V(昆 S(fRS義adt 鋪lÐyl~'J. S:0 ゆ isan
tsomoEpTU$凪?強3賄側deme滋:taeV問 chthat町G事長仏 ADdde:貴闘-aleti
JRJ-epi胸中悩鋪寝静 z IF→拘 b，' r J ~tα 伽ァ ε 1. Th~1it 1脚 Msi役割ε
1eft i !Rf"lf;ldQ.叫e司aGg。チ I即妙=Ia三IV=SURe4島}=S{f何JRe):( : 
諮問phle匙fitLmodule}hyLemma Z(3L S-oもbekemejiof妙ismaxim4
l'n まえ，I. lf秘Ig kgr払 ぬmgoGコ Osi臨 e{#} i$ UQ，t 8副組ed).E弘
CQ狙tr制3ction‘Thardoz信仰1Fj' K'er根強 Then1
回 fRfω"1+Ker札 Wewrite 
zzez pzW2や腕f wb鍛 pzefRfand m転kerψ‘ Th:en W<e tan denne 
$nQ，th~l' r1，t， ~R~-~r>lm:ô:t，愉踊 914bhV →肌V bF1iA1ず同例伊知?を瓦
In tactzif Waf-t =o forsn;p ;ゲを l，ih:en $!-or官。iSoIr Z10. Hence 
釘撃F君主む. EE綿~O事Msinoe h h u誠q司 王占 dyde旬，:tn狛認tifmVチ0. S68is 
7 
B攻t~iîO~加 is棚10zphIsm-T防掛路側 :::t ~(w'r a州毎慨を UI14K帆
het:間続慨を Kerψ，ma畠zasaωutzadiction，
{#}tsRC沌sai:ided;.Thenwefl都~~
ド{秘'1，…官叫)V係自宅85V)→獄。γ
鴨伽加悦{弘 ~ • • t 0'."1l!Ji V， 0い‘'，0.)(
d6fmed by 
Assu;耶ethat 
right eRbepi翻;脱抑ism
主2EiiLWb叩
And only wha 
Then 切111+秘2V+‘・・+切rV霊keEμ
t屯{()，11 .‘治tE-1}ぷ
r iE V，場
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K3zfRfzs+ ， wiぬ長官 1by昭E4Finsth魚崎U鵬叫 inthec轍愈
積地f.lf叫+r斗1nzlぉ(P4吋SZE出 fRfm6+fRf割削+I rtl/~{Jtj;'-~eJ }. 
'Th~n $'lñ~ê 納付イ+1ヂ0.勾ずら1需() ，ad cm同keずらまevsuch thaゑ
脚)V+地 V十・4組，1隻bE斜加d問V胃{仏，. '. ) ;0'1B{I Rß'ê1'è~) ~ 0，伽"， IOJ i~ 
……r ti砲鰍hiG{lf123there おりをV級品仏紙 (Wll'.、 苦細川 .:~~':~
AF鮒4TiAH~判定 keE戸棚d叫F(昌明げ;制強pusis izrらz司 Z4
t51 
いZF4U買叫Js軍(札晶181もH峠18，均十28f v}をEferμ WIt.h: .~均*1\9弓善弘
Wl-fr;付凶器 持‘・Z
偽造28fcrso蹴ep側主fveiRtegeE LThen for蹴 hi E {2.，， "j} we c納
耳目gヨ腕随部側側磁eth副知刷S習量。ヲ，":;. ';盟問+jS事長む組d
偽証e' ，'p~村富 fRf-fJfSIzebth枇抑'H州制S釦 Wf判事 SLacewHA切持1$E 
S{fEhdJ器削fJtjfthHzmpteldt fRFrnoddle)h1311t 
f:!i')f制 y
for t歪t+141+j十1ist 
EOE J+2:54三Jキj.
zdV ョ~ 1) 金量td
I 1蹴
切e留を ' 
• 1 抑制t-向、制
JzfRfzfけ ZfJZhHInfav-切
務
Th鱒
t E{lF---J}since金制陶磁，el:yd~t~rmi:n~ι8i\)科在 K 寸先(J旬-26L
Therefo胞 Wec淵le斌h陶酔{毒。，mbU43叫}お{'"{均時ぃ--wL}.MOTe併 e，l'
W~ $~e th~t {創1，""'1偽)ヂ z o i賓 {wif誕生吟)Tszg for a.:狙y (f." E V‘ 
SO腕棚ddaea d罫hseR闘が脚ゆ陥mμzz〈叫fMA〉V吋 tgg by 
(加i，… 3吋)1'H，おarfbr T迄V伽 Then政問μrω戯a蜘愈初IV+叫V十日号 十
叫ん1V sia~e: 切ら1V z 仲irv叫)州島eb若井 B艇alSC6t.bis ;紅;gument
お:ind附 ivezwe伺加equenhlycan tah{uh …~ llk} te:叫i5fytheおlDwi碍
twocon晶、tionsw(1)悩脱届組epimotpjl6In μ;仰ν ・1叫 )V→訟。v‘
。)問V-F4…吋削除V 霊草駐μ8iu~e 加ú ・·.， ~ tぬ}V妄秘ilV+・噺十ωJ芋 (2)
闘eMぉ μ出 Q，. Thi護側協枇鈎with{1}，
LEM擁立ι Ld g fZfzd f お fJ!l'問ilit切 tden毛安婦側389f R zui総長。fit
S(fR3fR吋 側 dS(fRh臨} 腕 dmpた.Andtdg he a拘Memp@teF軍toj
E. SFup抑制 that 昆 s凶dhsB骨弘gsel 〈穂高事 Pt IJn~'1 e] )， Theft 
HrRf{fRUJjR{Rdぜ)1<:鈎"(l'JI8p. Il(gRJ程内，r~{fRJJdl;e f:!. <: ;∞ ). 
子?6怠f事 Leも 'I!1i， be鞠 tnt噂;縫酬もhP君臨φ Foz e:adke{IJ1吋
fiw〈13dJke}-dbdJ4d，d is鵠蹴isi管制f魯byRemark 1and laluma l 
(3)‘ 80糊 sbowtht fMffa(J匂MJtfポJトlg}事} t88em凶mpleard瓜納
加問けε{1vmA ，
ASSIm鐙由主主tも加勝舷聴勝 会を {lぃ-v吋 関誌地a.t fRf(Jfz(J%上
議
' 
g!I!R(Jk-1e).g) . ;:? f Rf~l fi J Rfa'2" $・… whichig inaMte dk側側mof 
simpl~ left f Rf品cωrs!where 院をむR(Jke).g for :any i. Put Jl:~ 
f RJ':El + IJH(Jk..1，e)'g ~ 12 := fRfx2 + 11 .~ 13 ;: fRlæ~ + h ~ .. Then 
fg恥(.1，)~' rgJt~(1~) ~ "gRie(la)ヨ…， There ~xî$ts a;n int'ege:r 1 s¥tch thart 
fgRe(J，) = fgJie(h+d by締sumption.But app:ly Lenuna，;3 to take 1 := 11+1 
and K;=ιWe have rεgRe sncn that 11+11' '# 0 and I['r::t 0， a 
∞Ilkadiction， 
LEMMA 5， Let e 0，1吋 fbe p行m.iuvltudempo7:'Ont$. 'fl  R with b.eth 
S(f附 fXe) αn/1: S(fRee&' (lre $'I."i1:lpJe， y an u:lempote'rt 'OJ R:~ 1 a ~たぢザfβt 
f琵f子-寸イ$'幼mod仇匂uLeδザifJRg 怠仰狗d<p を IIomJR，町f'(仏(
nJR:町fパ(1友gftらJJl(Re'け)宮}刈Iぐ。悌 IJ，ndt杭1t"e前抑F帆附1汲ei白$:a拘@ε 1 $v;c!J; t幼hαωt(いXO)沖ゆヲ#差0αan 
Ixo le主1..The:n ゆiS TeF問sented仰 theア句htm匂It.ipUcationby an el'ement 
ofgRe， 
PrQ;.j，グ LG主 n be an i凶egeEwith Jn=0.41JntFお(Re)= O. ln facl守
秘Sl1m~ もhat there is xε1 n lfR(Re) with (x)4> # O. Since 1 ~ f Rfxo+ 
Kerゆa，o jJl"J)if) '~ Ker~'l we <:an rop.rese:nt ~ = UWij + k， wn.~xe v， is a. 
unit el~lllent 01 l Rf and k.εKer'O. Here we ma.y酪sumethats=zo十k，
Sinc~ ，;1;を ifdRe)，拘拘置 -k-re， for加 Y TER. Soikle=lzd( 
ミ1l. Therefore &tplying Lemma， 3 (wit.h 1:== fRf Xo + fRf k and 
10 
1( :=: fRfk + J n ~JR(J陶ie-zeM1W§hve seRe sueh thatSOSチGand
hs ~ o，. a. eO帥鴎dkti閥、
PU t ch !~ <kl Jnff1i(Je}εE棚 flt，fInijB;(Je)， 5(JIl;JJ Re) }:・If.，rtl州 we
have riを草取締eb.Utat (Irll，~(Je)l.ベヲ品。納d (E.e'ront1RtJ吋NfzGby 
L倒 m品、 Tbgasin切 ，8(tlitl Jte} t8， 'simpl~ 混同 .(ln l;fiR( J '6 )，ri .~ S{j Re~fté) 
.( =d;むfR駒e(令edJゐe〕} ( :$説i勘P斜1@d均ghth怠Jleト培咽m0d叫，e弘w附eP加h.a為ν附e2zrイ，
争判術1m灼附1，す侃凶-a.(.J恒時?=掛〈ヤ(什r吐;T1り〉《 Put η ;=ぺT1・ 町 議1n1iば!J，e)::; 0， we put 1"1 ';担O. 
Ne!Xf附 putぬ1寝付-"1i'lfIr:i1ta'(仰のを EomfRf(Inif凝(JZel，faeト
Then 副総 K~J;ぬ蓋 1nlt;n(.Je)紐 d !l{l(tJ 門 lfR:(.Pen/~IntJ1t{Je)n is 
impleby lt棚賦k.1，加物室町fwfRe)6Ifぬヂ85weh脚 3fti
that(fnちR(J2eD吟 #8 翻d{区~r偽n- tFfdPe}〉吟=， 0 hv-L 
~. And附 hal刊号をeEh訓 ，elitn批判例IR，U'J'-e，}詰イ弓ゆ mthemmew符
鵠片手r.pd巧開rirgeE422aweput均戸羽L
Fitttherjp凶: 偽油{←仏+r~lìlJNt~J:まゆを鼠側ydJnfrdJ匂}， fRe)
aad zepe 
-川
G側紡主主ue揃11，開trz宮内+恥山十 T'i" T~n ゆf 属中.
Ld MaMN b怠J2FEaQd叫低 M i虚偽:lten助協 lYぬije，ct.i抑 iffbz組 y
側b皿od嘘~ X ~f N aM納'1h~mα阻健闘倒掛 :X → M theme泌総
議室H，叩 dNj別棟Ch蜘 t毒事齢制ddmmaP4ix誠艇ideswith杭 I:a 
附 tsmlar，if鵬 OW尚尚樹加湖蜘OE持品胸wlt:量削陣論ta伊
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wecall 
f1:~" lejt R-mtJdul~ふ
And if N is simple R-inJective， 
f)，:ruiιM N LEMMA s (ct. [ 4， L，emma 1 # 1 )ー Let
is ca.11ed 1'0 be simple M-injec.i紙
s.irnple i時ecti匂e.N is that 
g$ N is simple. Th en is simple M-injecti抑制dS(RNJ Suppose that N 
Tak廷ad.i喝ramm;快:anint:eger with J'f!Ii. =乱
M -injective. 
tet :p'J'{)(jf. 
M F-4b 
?
??
?
， :)c 。
Ii ι withan位 aet.ti仰 .PutSK(Mt}'P PM4(Jh)for each po副 ;veiuteger 
世iIS1(Mつ=ゆISf($!つsuth th;at ゆIeEomdM?N)We haNe 剣5htMつヂ仏
N:ext We put ゆ1 .-"- O. We put ゆlsl(M'JZO，When by assumptiQ.l. 
わ:=ゆlss(M'){411S2(M')ε Homs(S2(M')，N). If仇手 0，there exists みε
we putわ ;=Oラ
恥蜘mn脱抑もの z=針品開『防+似品(M勺郡山~pe.at t凶 ariuIl1伺L
42=O， When $U'ch thatぬIS2(MI')=ゆ2・HomR(MFN} 
h 
ThenゆIM i :;:;φ In C.u1附Q:U側ehP11t4:=41十パ+み εHomR(M，Nト
aη idem:po.tent g be a FT-if材tirueidempotents qf R1 L，t;t h LEMMA 7. 
日anRgIH-Suppo:s e tli:o;f 1 (it I~Jt R-$'tJ，伽'to4fJ;1~'ti! Rg. (J;'f/;a H 。fR 
Tken. for eαch non-zero S(RI)母 T(RRh)，
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injective leJt R-m()(Jv.le wilh 
‘ 
伽 nenttεhRg-H 側 dJor each 1J，.Qn-ze，7'O 'eJ信仰nt$ 'f$ h，S(nI} ωe h附
zε1 8世t:kt.h!at t忽=ふ
Pr(}l)f~ The' right multiplic.atio:ti by t induQs  an epimorphis砲 iRh→
Rt. So T(RRh)問 Rt/Jt.. The:refore We have a.nother epimorphismゆ:
いR件 If)Jl1→S{R乃{尉T(RRh片山民的.hstntQte.，defin:e組側初!IR"0rphisro
η~ S(nl)→ S(RI) by (r(司ゆ)η==rs for any rξR. We obtaAn a 
ω:mroU.t.a.tIve di~gr組1
。→ (Rt+ H)IH 
↓¢ 
S(A乃
↓何η
S(RI) 
R}了I
ー . RgIH， 
争ノ
whe倒宣ethh 程 EmOw i悶sexact and 4 i泊Sも出仏he浴引in恥cdlh1悶O姐nma却p.Put Z :戸=(i到E司1Mゆφ.The.引組、n 1
4ω.x =. t可{仮朗草到)~ :: (司長=.(司初ゆοη 。引喜=怠&• 
• 
Let M be納品mod1，le，. M 詰ea.Uedto be 抑制・仇:jectife( resp. 
quαsi-PTOJiectt抑 }ifMhM-injective{ 回sp.A4四pNj~tive )ー
The fあ'oU勘lov剖vilgLem即mnaM，ji詰$:weIl 
{5A4.E日1)i滝
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4 f'ejt 1t，'..module. Then 
M is indecompo.so，Me quα.si-prajecti切 iTωehαvea prim.itfv.e idempofent e oJ 
be a left p:erf~ct ring and M Let R LEMMA A争
RR，eIX何 R34.
Now we indiUce the prot四tyof the indecompu$able qu.asi-projedi ve in .
S鯵c，1Jthf!Ji 。"Re R and a left R . 1'i'!lht. eRe-阿古bimlod必16X 
jective modul~. Tlus plays an important Iole in the seetI'Qns 2組 d3. 
and iぜLel e and; J !b~ prI'rnritiu'e idempate<tds .0/ R PROPOSITIQ，N 1. 
αn indecomp(J8付Jequasi-PTojecttue lLeft R-module tuith the ppojectitle coMT 
S(RM)同 T(RRf).is iMeett11e such tMt M SUPJ1o，Se that ゆ:Re→M.， 
Tien 
x E Re 
•• 
we ha.ve制1element 
FirsもwesJI)'W thaも
IRenK = O.
tε fRe n K， 
(#=) 
If1bhere is a non-zero element 
(1) S(!RJe)符 T(eRJiJ，
i$ simp/e. 
Put kJzkez体
.ド
(2) S(jRf! Re) 
Prf/Oj. 
I=Re/Kヲ( 'W'ith Lemma 7 百#ほ ξSURefE)， appbtngsuch tha.t 
? ?
?『
?
、?
Bu.t t;x f!1<. U}. 宮=(x + K)ll{; wher~ g=1L and E=夙h=f
K is. a. ( left R-) 1:増加 eJle唱曲module，a. co:ntradiction. Lemma. A by 
14 
[ 
Now take s痘Reto satisfy (Rs+l<lfK = S(JtReIK). We may assume 
sεf Re since S(R，Re/ K)信 T(RRf).Then f J j-s ~ f Re n K. So f Rj-s 
is a simple left fRJ .module fl'()Ib ;( #). Moreo鴨 rfR，llRf'$ヨf町fRe.， In 
fact9bmy mnmzero邸宅 fRe匂dk台。m{#).80他;ereis an element 
r E R such that百手河εS(RRe/K)..Then agaiti We may倒sumer E fR. 
Put (0 =F) ru = r' s + k， whete〆Ef R a.nd k E K，. Then k::: 0 
Ir.olIl (=#=). SQ 'fU = rl's' Ef RJ.e$ 鍾蹴esモJl. Thet:ofQte: we see that 
S(mffRe)zJRfJRf-s and it話sirupIe¥(2) IS s.atisied. 
Next we show (1). To shc>:w tlds腕 provethe fol1owhtg thtee properties. 
(a) f Rfs is a simple right eRo-module. 
{b}fRfsJ20. 
(c) fRfs.llR '!1' fRR・
From (a) and (h) we see that tllj$.R is a simple Ii!}ht R-module SinCe 
B' E Re，. &0 !RJS'RR，::抑制 from(c)叫 Ther:e除、(1)isobtained-
N oW We ptOVe them. 
(a): Since !JfJfRfs = S(tR，fRe) is simple， fRIs.eRe = fRfs， 
li i.e.fRfs isl a Eight eRe・module:.~1，óteQv:er.， ior ahy nol1-zerQ two elementg 
叫げを fRjl;， there lS :r/ iεRe s'Ilc-n th拭 821+K=が十K by Lei1U11a 
1 (with 1 = 1{l:IK， H =民 h，_， /" g i:: 1， t = v and $::::: V' )ら Pu:t 
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、
uz'+k=t123 where kεK. Then k ':= 0 from (#}1 i.e. v(ω') = vx' = v'
smce uε Re. 
(b) ; Assume thatもh.ereis !撃 EJwith fR.ftJ急電千む. Then 。ヂ IJY
(ε1 IlJ.SQ W'e t，a;v:e拍 elementF旺R，(f.IKsuch that $yx'" #: D by Lel1J.na 
7. Let ηbe: an integer such that s E J飽ーJn+1.Then Jn+14(R忽/K)= O.In 
fact， if Jn+1{ Jle I K)手0，Jn+l{ReJ K) ~ S(R，Re/ K) 3' $;i息 sE Jl.+l fro.m 
(1)， a、contradktion. Thetefof'e百:rfs:y"，a; 1IεJn+lfl;ll' ~ Jn+1・(ReIK)= 0ヲ
a coni:radidi佃.
(c) : For any non-zeto element U3 εfR we hav~ x'"モRe with 
百#卸-Z市 εS(nRelK)by Lemrna 7. Then ωz'Hε fRfs from (#). 
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2.4・PAIR
In this s-ection we <:0国 ide宜 i-paiE.
LEMMA :8. Le:t :e' α'IJ"d f be pri，mi>ti，ve idem，potents oJ R. Then ti2e 
following two c'o'f!l，ditions are equi'tuû~f1， t" 
(1) For a:n宮leftfRf-sωmod1ue;s Kj (三)1 of f Rf the.'f，e exisis rεRe 
，$ u:ca. tlat K r ;: Q. ('J，'f!lJ(i 1 r ヂ仏
(2) lJR1'liteば)zXforang iejまfR.f-.submodule X oj f凡
Proof‘ E腿r(. d. [ 5)(5.5.10) ] l 
PROPQ飽TEGN2.Ldeandfhwtm似Ulid:e;f;IJ，tJt抑制O.}R. S'lJ，~'P(f~ë， 
thai (i) (fR.， Re)お仰i-pa'Iira，fit.d (i) lJR1'Re(X);:;:; X j(Jr :any 16ft 1 Rf-
$ubmodu./e X of f R. 'IちenRRe ts simpIe injectiM. 
丹内f. L:e:t， [ b~ a ldt iQ~al of R and 棋を H~l11B(J草 刈RR.e)). 'PU:t 
k:=kerゆ.Then there exists :t E /1-fK since S(/tRf3)勾 T(RRf).So 
We have l'εRf， $'uch that $1' '# U and K l';= 0 by Lemma 8. Then 
sim:e (1 R， R~) i8 an i-pa.ir， bolh (ぉ)ifJand $1'紅enon吋zerQelements in 
a simple mduh SURe叫 bYLemmiI{2)1例段T加島reth~re 位isis
〆EeRe stlCn th誠(針}Ttz〈s)Y43Le， φ=‘(ァ〆).
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Si:JPPiJfS'6 thr:Ji  1{Re も'ef1i. lPI'取;Ifil拠地概伊まぬ18j瓦Lat e LEMMA仏
Ta馳
Tm九恥e仰絢 S(仏'ld!馳t:eji.お38材附tか71一T吻r
Jte事長。 翻 d，}料九Let t beam intsg財 guctzthat
認前向te蕊畏迄-i吋部吾郎.
p'f'()，(J. 
k a，lefi R-$nbnlÖdul~ Y Aad let a 81凶pIeι1金ftR喝ubmod現lex d Jtz. 
4z S〈RRe)zX6Yー咋 Xand S(RRe}=XOY wt土h。frsbRe〉
Then wehaweeEM{gRe)suchth蹴 B'I~\R'制 =φb;rthprojecttぼ1.
Kerl}手。部EtzeJFalIdご。Th側畑町制 Y削前倒:mP4io払
Tlt~t~金糊 Xz={J曜の4gJ丸加9z芯10争 aωatzadkttunw 
there ，exis.ts a， B7PmpotsittoI11 (1}吟 {2):
Now we give a p霊oofおrTh~Q'l!'靭狙 L
prooff併 meoTB例 1
i;闘関~$ 1r:n9; Je. 
?
??
???
? ?
，???
??
? ?
pd世 tiveidempe総帥 fofR S時制 {fAh)isan iHpa，ILima 
such thM 払{事 Jl' of fR 
5(¥)1出動d，
rzhkele枇fR!~uhmodu1es 
with 換を Homr混:;l/RiJ，JIJ，tl ~S(尻島}}is si鴎ple気Ttl&:r~ 18 
T(RRf)w脳chwed:ready shGW.Then waωm :define Iit 
鋼会 ，n 
41:RI→ぬRZ}by区楠}ザ 2 231Ti〈匂749wh側汽を R (iUd 
1 .~概念紙h dモ{1ぃ EEIhc私服sum恐出航ラVE如 =oand
純D;e~
， 
S:lDoe! 
fl 
W-e have s程11with 
18 
芝〉仇)6#0.
ι 
50 S{RRe)何 T[R;Rf)ー
(SL1'i<Wi)O = O， 
rεH:e such thatザ=帆 hfoBowsKr =oand Ir#臥 Therefore(同
(2)吟 {1):ByPropositio猛2and Lemm描 .'6. and 9. 
P怜eifferThEC習場mE{坊主今(2)市例;R 's制強ties0，[1， 1， eJfi悶 .l;l0)， 
?
?
?
?
?
?
?
?
??
Lemnt~， 1 (~) ま f3Jhy Thf叩 since(fARe)通航 idp品r1 fJ，n~1 f1ttl <: 00 
aEEd431，ed(2}is側 i組乱
sof伺 arqldafRfL側bmO4ulesK，(事 )IoffR there G3dscs rtERe 
KT2Zoand IT チ，()hy L~t獄帥 5(withg~1 組do手棋を
H9mfRf〈Z/K，S(fRffRe}))(sinceS(fa必砲T(e，Jl;Riin，duc部
for abysEI(gfR}.TheEdom theωndition(2)(ii)of Thozem1is 
}zf容と l
闘志23一五edhy L~瑚蹴88. H叩 c悦湾 s森尽R'e_iおSi凶n吋J知eζ悦主i討哲v-洛宮払e，
() .# $，tLl't(的)φ)=2〉叫αt)φ=ε{町長向)ゆ出
a eontzadidioa.The狙since ，RR-e お 1吋ectÎve~ th:er・eed§18 
lS saiisned Dy L~trt蹄&&
N倒 -wagive a pEod f悶 Th側棚急
~'t1éh t'ha.t 
gJi糊担 t民 sameww because we叫mdy油ow{2}.
Ls asemisi11》rw(JJR{P}/:JFdp-1}} R回na:r:k1 F扮加(3)時仰;
:8.0 l'et U'S reprf}s'ent TZ. ple left fRf←曲。duleSOZJe抗hpos雌判 in1hegβr
fRj(tj'P;(J!i JI~/:t{;( Jn-l)J;;: E窃tR，J'審L whGEe heh:{Jn〉-IIR{Jev-1)
主iGAaぬ
aRtl 可 ?居ね+ifa{rサ加r組 Y Fut みεんもAnjd for e紙面λεAn-
Ig 
11;" : = J x).， + 乞 Rxμ+R.ljR(Jn-l). Then 1.1λis a， maximaJ left 
μξJ¥ n {ー入}
R-s山
So the陀 existsYλι Jnー1e such that 1.1).， Y入ニoand 0 -1X入仇 ξ S(nRビ)
since RRe is injective. Then {めR}沌 n^ is independent mod ulo JlI. In 
fadぅassumethat ぐ=Yλ1;1十・・+yλkikεJn， where TiιeR ancl λε 九吋
such tha.t入zヂ入Jfor any i， (ヂ)Jε {1，...，1c}. x入gε ljR(Jn) illdu日 b
X).，j( = 0 ancl MλJλs=OdoesへYλi= 0 for a.ny 'i， ( -1-)j E {1 ¥ ' ， ， ¥ k} 
So XλiY入iT¥ 二
Ti モeJ slnce 
L X).，iYλJTJ = 0 
1ε{ 1， 'ル}ー が}
0ヂ Z入iYλzε S(RRe)
Hence for every iε{1，.'.¥k} 
Henceforth Yλi ri E .]" i目01・
Uλaε J1ー le. Fix any 入モ Aπ Then {Y入R}U { (y入 - y}-')R }片'\，， ~{λ}
iおsi山ncl必ep戸en吋仁cle倒ntm即 O収ζdωlu山I
Iμ4εAη一{入}
TV:=ぬJ十乞 (y).， - y}-')R + Jn. We have zεf R such that.刈.= 0 
με^ n一{λ}
and zTチobeca.use (T jW)R ~ T( eRR)勾 S(fRR) ancl fん isinject.i ve
Ancl so zιljR(Jπ) -ljR(Jn-l) since zyλヂoa.ncl ZP~ = O. Let 1I 
represent z = SlXμ1 + . . . + SIXμ1+ Z'， where Siεf Rf a.nd μtε 1¥n such 
tha.t μzヂμJfor a.ny i， (ヂ)j E {1， • . • ， l}a.n cl z'εljR(.rー1). N o¥v a.SSllI肘
tha.t An is in五M
zypo二 zyλ-10 since z W = 0 a.nd zyλ-1O. But since μoヂμ，incluces 
x:μiYμ。=0 for a，ny iモ{1，・ .，l}，zyμo二SlXμlYμ。+...+S/XμIYJ-I.O +今川二 0¥
a. contra，diction. 
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There:島問 llfw{ifm{F}/tfdJト 1))n <∞ iox為，nypa母続veintεg~r 17"， 
(~J 吟 (1)、(3) 坊 (z):~ ln th~ 縄me:糊手編
E3Ed主MP1:EeLet Dand F 前edivhi阻 dngswilth DEF， We dε加 te
th:e Ia，:ctor rIng S，/T b')" 1l" where 
? 、
???
???IlJ 
32ID 
¥1' 
and 。、
.~ f 
oj 
????
? ? ?
???
?
?
???
?
?
?
The:n I rs. a. se:凶pzimaEY主ぬg."ln :R we put 
?
???
?
??
?
??
?
? ?
?
??
??
? ?
?
??
? ? ?
??
?
?? 。
aazdィ
t O99{V 
f信 IOlJ;)I.
KG90/ 
We $00 tltai R.e.~& 組d !1{JfB闘部tiai輸相dUARe:);お組九制h
BIlもifF is in五凶総89both RRe and IRJta鵡!， i誠意~U:Véby Th-eør~i翻 Z
d1mension剖ewerD事 aasndtherleftnωdgh主a，ytin-ian.
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3. THE INJECTIVITY OF QUASI~PROJECTIVE MOOULES AND THE 
PROJECTIVITY OF QUMII~INJECTIVE MODULES 
In this seredon we prove TheoEem3‘ 
LEMMA 10. Let M and N be left R-modulesαnd f an idempofent 
01 R with RJ'S(N) = S(N). Stippose that仇 ψEH01rift;(M， N) such 
抗a.t(l)ゆ|fM=ψlfM?(2)Im41向仰仰simple. The't 争=仇
ProoJ. Let f ，~ 1 +・・・+ん be a deCOInPOSItion of f iI1もopairwise 
orthogonal primitive idempotents of R and {ga: }~;"1 a (;t111plete set of 
pairwise orthoBOPEal Fdmitive idemploteats{of R6And we may assume th抗
出 subset {gJZL1con邸tsof 8.1 ga: wIih ft;RgQt 関 :tt8fi i{)r some 
iε{ 1，・1n}. pu f:=εgα. Then ゆIf'M =ゆIf' M since f' M ~ R f M 
and bothゆandψaIeleft R-homDInorphisms. Moreover f'S(N) = S(N) 
fI'om Rl-S(N):t:;: S(NJ a.nd the' dennition of l'‘TherefoI@ fQ.f any xεM 
(mM=ft(zM+ {1-ft)(りゅ包 rい}殺虫 (f'~)<Þ =' {J句Mzfz{z)ψ色?(x }t/;. 
1ft fact， the e'qu剖ity(b) follow8 from 1削bgs(N)=fF.S(N)， Toshow 
the equality (a)assume that (1-fF)(りや手 O. Then we have r E R 
with， O:f.ベ1-fつい)手 εS{NL ThenJ§iIm4 S{N)=fy，S{NL Oヂ
f吋1-/う作沙問([ヤ〈1-ftM}φ={fベl-fM)ゆ=flr(l -/')(X)ψε 
fFp(1-f')-S(N〉=f'r{1-fq-fzs(N}zD-aAOI町adieuoIし
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Now we give a. p泣 tialconverse Qf Proposition 1. We as.sume a weaket 
condition叩 dQbta.in a.weaker result. 
PROPOSITION:3. Let e cand J be prim:itive i'de，MtjJdtent's oJR. S包ppose
thαt R satisfies Dt [j， e， e] (陀sp.Dl[f， f， e] )αnd both S(JRjf Re) αnd 
S{J ReeRe)αre $，imple. Then RefrRe(fR) (resp. f R/lJR(!le)) isαboth， 
quas.i~injecti'()e a1Ul q企Last-w伊cti'veI~ft ( Te叩・ right)It~m()dvJe ωhich $Ode 
-4s isomorphic to T(RRf)f陀$p.'r(eRB:) ). 
P.roof. The quasi-pt()jectivity IS cl~ar by Lemma A. Tak~ a. non-zero 
oleUlent 8ε.9(， 1ft1 J &). There: i，s ~n ephnorphismψtaRs→T(RRj). 
We Qbtain aωmmltgdve diagmm 
。 Rs Re， 
↓ψ 
T(RRf) ψ/ 
E(T'{RRl)) 
where the row is 蹴 actand l IS tho i.nd usi∞map-Put kpkeE15. 
Then S(RRej K)均 T(R，Rf}. And K = TRe(fR). In fad， assume tha.t 
there is an element aεK with f R.x i=O. Then since J Rx ~ f Re， 
s ES(JRJfRe) ~ IR浴室 κBuも40ψ(s)# 0ヲ i.e.s経K，a ccmtradidion. 
COIIWrse1311掛sl1methai there is ~fi el~ment x E TRe(! R} -K. We have 
Tε R with 0 '1t(x)1T E T(RRfl. 50 We ma.y consider rx E f Re. Then 
23 
Tzdo@s not制lni悩}a.te1. But meqe(fR771 aω蹴E側主ctioadThぽefoEg
S〈RRe/Tfk(fRMzS(RReJEE1儲 T(1isf).
F泊alyW~ shQ~ th:a土JI，[lell{lS 'q:u~si-inj恥tivegiAnh/k ts Rs/f心
injective.By hmIZlaSW念haVe()11y to Tons:ide主adiagramof theおrm
。-ー ター J/ 
↓争
el 
商都尽 Rちfkf
WM:te the， row lS砿獄事 and1mφts simple-350W we considerazestdctim 
臨&P411-uj幻 ;f〈I/fr}→f-(Refk)， 鋭部;efkzfザaeUR)=仏 we>taIl 
E婚前dゆlJ仰fJ制 ahafRf占湖凶mozphis闘 :fJ→fRe.MQreoverith 
組ボmrphism劫蜘揃帯ileS'oele ，SU1f;!J Ro' hy L.e.rnnl'-a 1 (1)ー Tb叩 oy
hmnaS4and S{梢thgE鉱}wehw穂留 ε 忽.B:e，鰍~h，th抗<1>1!~(1#<) : . '!Ji
総民勤 JRf:.'h邸aomozpEdg鵬 :ff→sb府ffze}. Then d脚ek is a(tdz 
R-)dgbt eRト側bmod叫民 we ca.n芯ondd討す astJ8161ER噌:u{i{:om砥pMsm
。fhJka凶掛かげlk}=(叫1rW10・Then4aM}!rikbF Lemma1a 
Re悌aゆ 26 Itf替問lL同mmth凶 eVETtlind.ec捌 1p。sabLequ郡Lt吋校tive
回級制eWIth BOB-駒fe)i$ò~Ie h郡 the 蜘pl~， $Q;c.le. (加， iQi" itst蹴鳥 [ ~， 
t5.4，3i 1.) 
N4低 twe ~ve th~ ωav舵偲dpmpωitL矧 3.
24 
LEMM'A. 1. L吋~ aud !伽~:t問41旬、eid懇情抑tenssof JZ， S叩rp!}s.ethat 
thJE 抑制fpqiec脚eTight RA飢ail:ulefJl.ltl J R{Re.) 18， q~ asi-i免jJ;:'C.tive.'fhen 
S(fRJIRe) anrl S(!R，e.eRlt) OfT"e simp1t. 
P問。zsi蹴efJtl''R(/le l誌側面decomposおblequasi4吋ぽti純益g.hi
R-敵。伽ihS(fRR/JfdR¢))間fTいRid- sotake sefR withE#冨疋
S{fRRfJfidRe}):a By Le回腕apI{2}sR包=審判fRhR担}制dHhsimpie‘ 
T;heE@おrefRf通SUReeRE}zS(fRらnsLi，e.S(fReeRJ is a left fRf-
S11bmoduieof fR払 Ta除twoI10n-zeroeiemenzs，tをS(fRhRJ1ApplyiItg
Le郎蹴7(wiJもh1 1;: JltllIK(lle}~ li泣かR(RG)zh=eand宮=ハー
附 la'¥te 怒 εfR側命他紙誠君 SF i，e. stfRetRd h a simpleLea 
jiRf叫加160dldeof flZιMomm foraW鵬 'Il-2j-erot' e JRe We: h肌
21定.f1l 8u~h thaもがfzs by Lemma 78inc窓ずをlRe . t lfi;{Re )"i.e:. 
f町S(fRebh}53附 fRe，首位dozeS{mifff尚三:;S({R拍車)andith a， 
simple left 1 Rf回module匂
NQW we gLV念もhee，onV.ter:se 01PrQPoslti0i，恐 L
PROPO罰百ON4. Lete ゅndf bをpmyzd村和eu:lempfJ ten t$ 'O j R s'iJ1;ch 
t!iat R sa.的jEωiDvUJA，SUFpose品fLt(1) stl良心持 T(~RR) an，d (2) 
S(:fR/IRe) 惣stmpie-The党 th宮内向。蜘村町 制占moduiek oI Re s鎚tzh
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t 
tb，c(J:t Ilell(白柳材倒的IJqU(ft:$旬開，jecti'lf~ 材t RHmsぬie加納 $:(Jtll~ll() 時
S(f :le}t;.) Is ;$irnf比
1< = r R~(jJt}: . 
L念糊;i}.1 {勾By K:zTFdfR)ー
FMTther tMhaue 
Ptlt 
T{RRJJ. 
FFOOL 
R:olK Is both quasi~iIÜ~div~- a1r4 qu羽:-p，吋edMwith 
S{aRe/K)母 T(aRJf}byproposit 
Toshowihe inj舵ti吋ty，by L，翻ma8weh僻e(;lJ:Uy 't'Qωnsid目 adiagm.E11 
S~ left. 1る1nod.rue
。ftheおrm
?
?
??
??
、?
?
?
?
， 
bεthe 
BR~ 
π:Re p，→Rejk 
Jl  
↓φ 
226/K 
柏田eth row ts蜘.ef，and Im-4l i:s sl阻帥.Let 
ーー 争ー}ー→。
The-n natllIal eがmoゅEdsfm，Th恥 sをR(;$tl，(;h伽 t否#宮ES{nRe/K).
f-Ra軍基OsinceSU-h/的特T(aRJf)，r And became fklzf匂eUR)=97
吋fRstFRS→ j収容II(}is: a脚 aomorphis踊刷所s=S{fRIffZej.50we
ha.VE' ，a胤fJtf-h(漉I棚 ;QIpnismfOl:NJ。い|筑間IRJ-zEff→ S1{fkffRe}
S(fR.a)陶 r(eRRi~. E lR '$11Cε iOT eac.h non-zer-o 持le主lMQreo-v:er 
T:he主'.~~~奪)õyr La血m加 4制 d，5 (with ，'g.:= 1) We sia;鴨叡を .1，8 :sclch th$t 
(ゆ-iNIG付|均的jjJe)γ12Eず ashd't f J!tf -h:tiJmotnQt-phlSlflS. Put ;p，;=: {ず}07fを
The abGVe埼u泌物gi閥均2君事ffl民 Th佃砕=事1，/RQ組ata広島/KL
bY Lemna10-
A$ fol" the uniqa~附随 of X{担，:r品(./R) )¥槌stitretha.1I we ha.vs aJ¥;t)}ther 
Re/E碍 RelJ{J{勾8111乙eK 宮 l<f
'26: 
with the samep主opert35thenKF 
E(T(RRf))) a.nd both K a.nd KJ are ldt R-right eRe-bimod叫es.
Re:mar必3. If E(:T(RRf)) is qu制l-PE吋edivefor a primitive idem、potent
j， then by L.仰 );(118，A we always have' the plojectivetover R.e→ E(T(RRfn 
by a primitive LdemP04ent e. 
Now we amfaaposit1Qn togiv@aproof of Theomma 
Proof for Theo'1em 3 ( 1)キ (3): By Proposi tion 1. 
(3)キ (1)and :Kerゆ==flte(! R) : By Proposition 4. 
(2)特 (3): Si震とe，8(!R，R)記 T(gR;B，) lJR;(Re) = O. $0 we see =今 by 
Lmma11 andゃ byProposition 3and Lemma t{2)， 
(3)キ (4).: (41(1) holds by (3)(1). With re.spect to (4)(話)， we show 
the following (A)， (B)l (C) a.ccorてling'10 [6， Theorem 6.3] and its proof. 
To ma.ke short， put K:= r1.e(fRト
(A) J 1.1 Ree1tefeK i.s悩も.hfulboth郡 aleft f Rf-module a.ncl a.s a. right 
eRe/eK-module. 
(8) The f Re~cha.ra.çter modules oI evety simple left f R子modulea.nd every 
simple rig，ht. ie.itgleJi.三modulea関 simple-
(C) I!RJf Rell <∞;a.nd IIJReeRelufl1 ¥1(∞. 
2'7 
(A) holds from (4)(i) which we aJ.re~y show and K = rRe(! R). (C) 
does by Lemmas 1 (2) a.nd 4. Every simple ! RJ-module a;nd every sim-
ple eRe/eI<-m吋Ide位 eisomorphic to jRflJJf :and eRejeJe， r.espec-
ti vely. As; ie，伊主ds(BL we ;eheck おI.rthese. HomfR/(! RJljJJ， JRe)勾
S(jRJJ Re) = S(fReeRe)， where the isomorphism is leit f RJ-and right 
eRe- and the equation a.nd the simpleness of S(J ReeJte) are by Leruma 
1 (2){3). Sin註1;訂1y，HOnI;eReμl('(eRej.eJe， JRe) 同 S(IRee~J t;: S'(jHJJ R.e) 
is， a sImple le抗fRl~module. 
(4)吟 (3): From ( 4)(i) we see that S(JRff Re) is simple. Further， 
we do that jReeRe/e'TIte(Jm is indecomposahle i吋ective.80 S(J ReeRe) ( :
8ff ReeRelTeJt{!Re) ) ts simple s油開 t"1'Q;e{! R) = 'teRe(/ Th'erefore 
S(fRkJ対 T(eRR.JfrQm (4)(i). 
The following is well-known. See， for instance.， [ 5， (5.4.2)， (5.4.10)， 
(5.4.11) and {5.4.12} ]. 
LEMMA B. Le.t R beαleft petfeGt ringαnd M a left R-module. 
(1) Suppose that場:fDRe，→M 
iEA 
idempotent jaT例制34εAゅ .T1UJ'n: 
{J(i (~， Rei) }昔日 8uch t先a-t
is tke projective cover~ wn，e:.re ei zsαη 
M おq勾asi-PTojed拘eiJ! tkere is a set 
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(i) Keゆ=芝3Bkh
sεA 
(i) Red Ki is qωsipprojectttle foTαI 'iεA， 
(五i)KMtReiEKtfFT GWpatr hj e A， 
(2) Suppose that M is qua.si-injecti，ve. Then M f ~ M jorαny f EEndR(E(A1}). 
The equivalence between (1) a.nd (3) of Theorem 3 are easily gen-
eraJizedもothe c蹴 th杭 e and l a.re not ptimitive. Concr~tely， let 
e = e1 +・・+en. a.nd J =11 +・・+ftl be decomposltions to pairwise 
orthogonal primîti~ idempote:nts of R. And suppos'e that R s:(tisfies 
Dr[ム1，e，1 for any i E {1，・"，n}. Then by Lenuna B (1) (1) is e.quiva-
lent to tl1e followin:g (3') which is naturalIy gener~lízed from (3). 
(3') For each iε{IF..，FTZ}the folJomng tDO Cσnditionsαre Sαtisβed. 
(i) S(fiRft)勾 T(eiRR)，
。i)S(hRbJ'lRei，) icS. simple. 
Moreover， if theωiditions紅 e制 isfi叫 Keゆ==i]DrRe;(fiR) by Lemma 
i=l 
n (l) ~ 
But the equivalenee between (2)， (3) and (4) of Theorem 3 are 
not geneEaiized nM11mIIFFor e叉ample"le-t A D'e. ，an algehra GeIined by the 
29 
九
. 目怯
， " 
qUlver 
/ 
the primiuve idempotent of R 
S(6iん)勾Then‘ which corresponds: ωthe vmteX4for each iε{1， 2， 3j.
(el+e2)A But i=1，2，. for each is simple S(.eutei 向Ae3)and T(e3AA) 
we c.an ( 1 := ) E( e1AA) :; E(e2A.U， is noもquasi-injective.Infact，since 
?
??
?
??
?
?
?
?
?
?
?
as 
EndA(I) 
EndA(I) )・
61.A ¥ 
究 6'2Aj 
e2A ， rl 
a;事
?
?
??
? ?t)(;;2j l 0 ¥ 0 
that Lenuna H (2) $'0 we see by 民notesthe identity map. 11 where 
3 
for the ri-ght moouI~ represent.ation a.n，d ι 
¥ -一一• Q 
EndA( E(忽lAA)ED E(匂AA)J 
( Eη，dA{l) 
EndA(I) 
l'epresent 
Then 
4i 
eA仙eH恥om叫eωe勾3(い63仏Ae句sあ，eAe匂3)勾of Theorem 3 Is not satisfied. Furもher(2) 
in the proof οf Theorem 3 (B) 50 e ;= e1 +匂・where eAeeAe3 = 1 ED2， 
such thαt 
(:4). of Theorem 3おnotsaAided-
be pri的itiveidempotents of R f αnd e Let 
1s noもsatisfied，.i.e. 
Corollary. 
Then the fo/o.1μi?39Gre ewttlGlent-
is inj伐材開伽tkS(RRe)何 T(ll毘1)"
Drlf-Leland Dt[f，fA. sαl.is.fies 
(1) rtRe 
R 
(2) (i) S(f RR)記 T(eRR)'
30 
(i) S(RRe) ，Rj T(RRf)， i.e. (f R， lte) zsαn Z-pfLZr. 
(3) (i) IJR(Re) = () = rRe(! R)， 
(i) f Re defin倒的eMOTihdmH1g beれ0.e.e:n th e 'CαtefJ01'U oIsnitely ge11;-
erated ，Jeft fllf-1noaules and the cn.tegory offinitely generated 1'igh.t 
eRe-mol仇les.
This ωroUary IS almost [2， 'Theurem 3.1]. Hete we give:3 wea.ker condト
tioI on dng R than lea aruman as weli as section 2.But he gave a stronger 
result than the conditiQU (3)， i.e. he did not restrict the idempotents tQ 
be primitive. 
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??
?? ?
??
?
?、
?
THE PROJECTIVE GOVER OF INJEOTIVE MODULES 
Theorem 4 and induce an悦hertheorem. 
宵1: M→ M1 
and put M 。f
M=MIEDM2 and 
N the proJections. Take. a s:ubmoclule 
he R;. :modu:1es wi出
In this section we prQve 
M1 M11 M'2 
巧 :M→M2
4. 
Let 
and 
Ng:=NnMi and NS:=町(N)for i = 11 2. Then we have an isomorphisl11 
世:N1/N1→ lV2/lV2such thaAN={21+必(町)+$21$1 E Nl， $2 EN2}， 
ψ(xt) =必(x1)(ε to satisfy is an arbita.ry map; Nl→Jy2 ψ where 
we H arada and Toz:a随[3， p449 ]，F<>l1owi':ng gIENla N21N2 ) for any 
such that be !T'官nitiveidempolenf9 0/ R 
N= Nl(ゆ).N2•
e-f1r11n La 
denote it 
LEMMA 12. 
zs 
Supp.os，e that 
R where hαs the projecti1l6 c;overゆ;@R→EfT(e，RR))， 
for each tε{IT--‘， nt.PKR属 liRR
E(T(eRR)) 
aright R舟mod:ulewitk 
has the' lザtfkRfk-module str1l;e.tufe and it is 九k' E{1r' .，n} !o:r som念
S(凡'eeRe)();nd tl left fkR!k-right R-bimoduJe鰍 chthat b(Jtk S(fkF!.h凡.e)
? ?
??
?
??
???
?
?
??
『???
?
?
We may su ppose 
then We denote. 
凡.enKerゆ:::O. 
Assumeもhat凡.en L =FO. 
絡橋
if sE@RJj-@即 i+九
L := Kerゆ.
For eadlSE@R，
(]，r~ simple. Then 
Put Proof. 
kz1. 
?ηN := put E9f'i， of N Fol' each right R-subrnodule 
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d( x) ;: j. it by 
??
?
?
???
???
?
??
? 、
??
，
??
?
???
?
?
??
、?
?
?
?
??
??
??、m:=min{?7WIN satides { d(x.) ，{怨毛 N-(N nL) } 
九=N6(Gm，(2)
F11rtbeE PU1Pm pb Here we put t嫡 et.h討 tlIe，PliO闘rtle$Qf P. 
隣JBqth S(l!i.Rh P叫 aitld S(P'B，~F，~) 'al'e ;sitnple. 
[i] P 'I$， 'a.，le!t， J tItft ~ d草加品bimd叫~' wi:th E:nd~( PR;} 15 lo(:a，L 
EMR(Nz)is lml}. 
~fid 
[泊16RzP刺φ叩.
，(iv.l P噌n-L#0‘
?
?
?
?
ー ?
?，??
?
?
?
??
?
?
???
?
???
??
?
??
?
?
?
In tbe腿助ai銅剣ofthis pf邸of干職協ethe a，bov~ f6，u:t ttop位tL邸 onlyaS et')n~s 
sモPTa主eJ机 ，elementLpτ=P内L ，a;nd 
οf F， 
?
by 
suchもha4
?? ?
?? ?
?
?
?
?
??
F:tom as側 1即 ev
S[Pe豊島)呈L And Lemma l{3}マtha sam§ 獄gumeuta;s .the ]ftf<;tQl ~{ 
Th倒を is智を S{P-e草案dそ~o tak~' ，;t UQ恐喝eoo.elem'elt 伊}， {iv]. from 
ThEUJ th'e left 845(MfIP唱)‘t・8宿御 S'Incesucn th:a本t e flJ 1
No-w 
by t， ;:: Il (ψ)Le 
?????
? ?
?
?
?
?
H獄吋aand訪問hd福岡もおtioaaHere鴨 nrt;:etha.tψ手G，ii
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ふ E={ぬmnL. 
stn:印刷 C制。bt叫na t:iltlnOID 
SMORaJ/司会ST{巴RnL
S{hRhP唱):=S{P句
否手軍 es(PE/LP}. 
品pJ P/LP→(邸周/£ n糊 lia1l1and 
sモr・6y.
阻叫叫t吋捌p斜i一ka批tぬBb匂yt i均，1羽挽In通革i伽伐櫛s紺 is紛o佃Z百iIltQω苫p凶hi詰1怠糊E叩mz〈0悲む叫.)ド:P斤/LhbPず → t.F門7 
，T.l--攻E
陶宵pJ:φ(⑪53}吋 P'attd仇 zpL制定Bn)→653t削 hepmBeetiGns.
pllもLP:ETptL} 樋IdF tzTdL〕， L儲 ll~ t~悶'esell't
she above 
LP~Lp a.n仁川市三 L川 sinceS((EBp，R)/L) is simple. Si附 1R R :P1 n 
，=1 
13y assumption and PIRZPR by the kHIll-Remark-Sch111idt-Anima、-正市
Tl旧コrema.nd [i]， [ii] ， we ha.ve a.n isomorphismゆ:PR → 1 RR. Putど:ニ
九州O(f.)-10νoゆ一1E HOlllR(ゆ(tLP)，(EBP，)/ L)， whereν : tLP→ tLP /tLp is 
1.=1 
the natura.l epimo印 hisma.ncl ι:LγL地→ (EBPi)/L is a. na.tural1y obtainecl 
1110nOmOI 
，=1 
ZAR→ (EBPi)/ L such tha.t E，Iφ(t LP) =ご Let (x， X2， . . . ，:rn) 1児 31
1=1 
e叶出山ler白mer
a筋S ゆ(ω)ε 1R三R. In fa.ct， a.ssume tha.t x'o(ω) f:_L p， there is a.n eleme川
1"εRe such tha.t百#(x.ゆ(ω))1"ξ S(PR/ Lp) since S(PR/ Lp) ~ T(εHn) 
Then since (ιゆ(ω))〆ξ P.e-Lp a.nd ωι S(Pらん) ( : simple ) ( 
C L p )) there is a.n element 1''ε eJe such tha.t (xφ(w) )的、1 二以 But
d(xゆ(ω)r' 1'' 
)=J 
((p) = (X2"" ，xn) ゆ(tp) fOI P ε P. Let ド : ⑦ fう→ Pi be the pい〉丸川rcωιO叩)リj片e仁仙t.iドo
a吋 pu川t(1:二介が'0( for ea.ch i E {2，."， n}. Then 
(*) (yぅ(2(y )，・ ， (n(y ))ι L for a.ny yεP with yεS(PR/Lp 
In fa.ctぅsince sε LP and x・ゆ(叫モ Lp，L* 0ゆ(s)=ご(ゆ(ts))=Z(ゆ(t8))= 
(x， X2， ・. ， xn) ゆ(ts)= (O，X2'" '， Xπ)・o(ts)= ι ((X2)"'，Xn)・ゆ(ts)= ι( ぐ(s)) 
So世(吉)=ぐ(s)(εLγL車) because ら isa. monomorphism. Therefore 
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???
? ?
???? ?
?
??
?
?
ー ?
?
??『
?
?
?
???
?
?
??
?
?
?、
?
? ?
?
??
?
?「
?
?
， ?
?
?
?
?
??
?
??
??
?
??
?
?
?
「
も
S{PdLp}ts siImpieF So 
;z{(PFG(p)章一一心(p))I pe P l ( ;~ $fi ).
P('l hy 'U. ~(あら(1'ト -v ふ(p，)1 :; 
So 
(S1C2〈りい、~ふい)):E L， hy the definiti倒。，{Batada :and 訪問}仇ωM，tiω
P10Jhale説hRjkmdg脇島bmodulewtth BMMP(0dls local， 
has t.he 
(ivJ ls，企oraS(P-むne)'~bp -and ({L，p) .~， ん.、 IR addition 'to th部e~ 1'((} 
forany 
We. .not.e， 
And dか
respect iV'!ily. 
In fj舵tFstaceckp)E判:(p1 {'2(P).t . ， ，  (;ム:(p))) 
{p， (~{P)，…. ; (i:I(め}εL.There必勝 mpω三mp.MOEmveEFifgι P-.Lp 
In tact1〈Oheie叫 Itemlthce dennltiD"Il 01 the leit li l'Jl-'蹴odale81131主ctUl'e'，
ior an:y :pεP;話 rl{(P'， ，~(p)~" . • l'.(7J(plJ j主mp+ 1， th関 PELP-
Pω 
($1 t ('2(.YJ j • • • ， ; {n:ω)を L
gεp' with蒼53(九lLp)$wte S，P~lLp) q ($R+ Lp)!Lp， 
inpafticalM，that出isdow這櫛〈(Lp}SLv
(i)祖，d(間前~，ftQ.nl阿 andFi13 
Both S(ヵ粕P(0・e)and $(P(~) ・hRJ are simFt;& 
Th:e:n a:nd p E p'， 
t蜘菅名 S{財 h}sime
Y we、have
釦leもheleit /1 B1t --llmd双lestr:uctUli~ Oll 
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匂E!lBfl 
(判 φR=P{Q倍、(@m，
(iv}P(0・6nL#a，
(y 1 (;il{Y).， .・1CdsDεL:by F). 
for 
WEPU125wzp-1. 
おJl~wtng、 fQ'蹴 }?IOP回ti邸ャ
いFぅ，~(叩1， 通 . . ，(t{vp) 
PK)R掲 Pa ~n:d [i]禽
dU)=mm 
LzLP(ゆ)Lへ
statiS5-es 
Put 
、 、
??
? ?? ?
、 ，
??
?
?
??
??
? 、
WIth 
Th慨{OX~ tept艇eP 'yri出 P，ぐ)'aniI .rep-eat 臨めo，~獄gum側ιThen
wehwe pr whICbhEthぽ日iIlba r~p.l脚吋 witlI P'((l組 dmpl重fi1J)P{O-L 
φRzpu窃(③恥tQ satisfy P/~ sorepeaafinite time-翻 dwe: h.ave， 
? ? ?
?
?
?
?
?????
?
?
?
??
，
，E 
f. '
?
?
?
?
?
?
????
?
。
S鎚11'σs;e
合epdwzitizle idtmmt開 asoJ R 凶 t.:t'ttl-/;:ft t 
議:φM→ E('!'.teR，n)l.
S{fJRe事ilfeJ (1;問 .$~'mp"ie:f<Jr j =k 1 1， 
ar6 SrJ欄edMtEMt ete偽側お qf{IEMPtぬ}e
pmqf， 
W{iIJ初、e
A僻む官官もh拭
'f'hre:71 f~RH; a起点EZι
組 d lz払
Endn〔FZJ)tsloe4andmE訓季開 acmtmdEchhnw 
あ=1
kas品。epmjecがりeωuaγ
判lj'4.fjf:;Rc，) 
We蹴ag側pposeも協も
Let e費五u・1ムLEMMA U. 
Err(~R;8)) 
tlt);tおtk
kl l 
!lR1t .1=ぉf2Jt必 P11もLE=区割争醐dLtt官長RnLおteach iε{1，‘"1nト
And fos糊必h42L291et均:jLR倍hR:→LRbeもhepzoj悦ti:nn:and put 
M:={AR6fha)ηL組 dM4海 frdM}，ThenM4重んあreach i担 1)2 
S{{fzRR愈12Ra)/M}怜 SH@んRRL/L)}hL4Rha n M aM Sln'C.~ 
s問p拡 Lot瑚 l'epr，eseniM情 MI〈ψ}M2a
f。reach i=I，2 
5(MnfLt)=(S(AReeb減+Li)/ム由;ceS{!dlIilLi)縄 S((@fJιRR)/L)Eg
A.nd let ，$'~ 
-， 
3 
吋
ThereiGma S(fzizeeRJ n hza L:emma. '1.2; 島F
be 81，経 S(f1R、eeRn)sotake azIOか総rfo~lem~ñ主T{eRde 
Siace hRR 原彰 j~RRl的地宣言=学(，h)(屯M2JL2).}組 elemenhoff2Re 
? ?
??
?
?
?
? ?
?
??
?
a.nd then $ll乙hthat d-fIR z hR， 
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thët~ e:語stsaade雌 Zktld定fdhi
uI51ε S(f2ReeRe). So there is u"εf2Rf2 such that u吋山1)= 8) Sil臼
S(!2ReeRe) (ニ S(hRhf2Re)) is a simple left hRf2-mo山 leby Lenullel 1 
(3). Put U:= u"u'. In consequence， we have 
(十) (S1， US1， 0，'" ，0)ιL 
by the cle五山tionof Hara.cla ancl Tozaki's nota，tion M = "H1(ψ)A[2 
Now let V : S1R → (SlR + L1)/ L1 be the na.tur一a.l ep戸コ九imnm1Oαqμ)汁治刈>}巾川hi日山
Lド:]o;J2/μL2 → (EB λ R的)/μL a na.t川u旧旧旧r日叫.乱ally0めb川ta担釦川ik凶n肘版削l日阪凶e虻吋仁clmonOll1O削叫叫rp判悼凶μ凶凶〉汁巾刈hi廿日S11.T引h削e引I t山h払e引附、刈l代モ
i臼S世εH恥om叫R(υ!1R，(EBλR)/L) such that 1jJlslR = [0ψOV. Let (九九)
be a，n element of EB!IR!1 with 叫ん)= (.1:1，"'， Xn). Then 可否IE
S(!1RR/L1) = (S1R+ L1)/L1 since (Xl')εEnclR(flRR). So when :r} 81 r/:. 
L1' there is T1εRe such that町可=可オ(E S(f1RR/ L1)). Thel ;f181二
811'1 since L1・e= 0 by Lemma 12. So (x}， UX1， 0，・.， 0)8}εL 1コy (十)
Therefore ゆ(sJ)= (x}γ ・.，Xn)8} = (Xl，" . ，xn)s}一 (X1，川、}，0司 ，0)8J= 
(0，X2 ω }， X3γ ・.， Xn)S}・ Hencewe ca，n 叫 )la，ce(X}，・.，;fn) wit.h (0、:1ミ-
UZl，Z31 ?J小Z叫n)小)， i.日.氾e. we ma可，ya訪s刊ume X引}8} ι Lム}. The日悶1n白 clefi五肘 a， hω川oω}川l口mo
morphism代 HOffiR(!IR，EBんR)by (y)ニ (X2，'. ，Xn)y f01' y E I1R 
For each iε{2， . . ，η}， let ド :EBんR→ !iR be the projectioIl and Jλlt 
(i :=π2 0〈.
Now put (f1R)(():= { (y， (2(Y)，"'， (n(Y) Y E !}R}. Ancl clefile a 
left !1 R!}-moclule structure on (!} R)( () in the same wa.y as P(ぐ)in the 
37 
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?
??
?
?
?
?
???
?
? ? 、
?
?
??
?
??
?
?
?
?
?
?
?
??
?
?
?
?
?
??
?
τEen〈hR〉〈Oh部 theおlIow1ng，fQ¥lt pto:pe.Tties. 
[1J (f11t)() is a leit Jiltfl-ri:き:htR~hi.rnod'ú.lé And Endn{{!l，RJf();RJ Is
10'~i!l1. 
隣lBoth sbバflt(f1R)(C)吋 ~nd S((11 Il}({)九Re)1;t.同 Simpleo
proof ()f L-emma. la 
伊i]@同 :z{fzR)(O刷会んR)ホ
言或
[1v]. (JIRi()' 
叫間判制d捌 働AMgfJa紛れ6AR}/LgNszjGhL ふいzDE
加1
(81A，Qfい合的思5制 dS1e-tU1BY]語。baah叫 :8'0， W'e <;<in t ø，k~ tk~ 
H，eace $蹴ea喝Ltna:nta th~ p];~ ~Í ，ti蜘 ma12{withP=(日)(()).. 
?
?
??
』
?、
?
??
?
'民
Tl:t~制lQwl.nig，gi:ve:s a pr:Ql)fおrtf part of Theorem も
be prt間五ti悦L'et 6; ft，…，ム
Ws' hä開 aAGR紅減i~ti靴
P民OPO釘TION5，
at 均一tihS(fsRfARe〕and ig(兵R~ëJte) li1:問 simp;le.fo佼rany' i e {Ij・ ，n} . 
7腕 thME(T(eRdhZ84bprqd倒的例計十伶fiR→E(TCeRn))嘗
ai¢h te{1ゾハ事狗}spM L:z 
i mommゆism勾 t牌 'lL，吋ゅんR}/L 脳:u;raJly.A nd ，ta尉&
， ， 
品
Li :=fiRnL， 
? ??
??…
? ?
??
??
?
? ?
??????? ??
P.rQo:I， 
?
?
?
??
?
?
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s， E 5(JiReeRe) non-zero element 
tモfor aJlY R is a simp!e !eft idea.l of R-szeRe First we show that 
Lemn凶 J(:) )、? ?
?
sieRe = 5(JiReeRe) = S(fiRfJ，Rε) Since • 
、? ?、 ，
?
? ，
?• • ?、
???
So we 011 V JiR is a simple left JiRJi-submodule of sieRe we see that 
be a complete set of ort.hogonal 
、??
，
?
??
? ?
? 、Let 
? ?J . s，eRe that show 
rε yo: J f， and α and assume tha.t there a.re primitive idempotents of R 
(1'.) : J，R/L，一Define the left multiplication map 1" sieReチO.with 
(s，R + 5(f，RR/ L，) is a monomorphism since 
、 ? ? ?
， ，
• 、?
?
?
、Then gaR/1'.Li 
??????
，
??
??? ??
tLP 
Put 
EB(んR/L))= (λR/ Li) EB(EB(川 /LI)→ (gaR/1'.L，)fi (⑦(川/LI)
iヲl:， 1 t， 
1"8， =1-o. and Lemma 12 by ム)/Li 
be the EB(んR/LJ)ーー ?ーEBJ)R • 1f Moreover， let is a monomorphism. 
???
?
?
?
?
?
??
?
ー ?
?
???
、
、???
?
??
?
、???、?????? ? l.e 
induce and 
ψ 
L' :二 世0 介(L)
ψ naturally from 
natural epimorphism， put 
(~lc. R EB (EB川))/L' 
Iti 
足。 中=
( (y白R/1、
Therefore we can 
with (EBんR)/L ) 
is a monomorphismぅ
三)(gaR/1'.Li)円L'=世01f(Li)=0. 
HOlllR( (gaR⑦(⑪川)/Lヘ
lti 
On the other hand， ψsmce 
とモ
(EBんR)/L
Li)⑦(⑦(βR/ L1)) 
Iti 
there is 
t.ake a monolllorphislll < : (gaR/仏)→ (gaRfi(EBJ1R))/L'natuぱ lyThel
It， 
(ε HOlllR(JiR/ Li， (gaR⑦(EB川 ))/L')) 
Iti 
Furthernlore . 
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<0(1")二世oLi 
??
?
?
???
?
? ? ?? ?
'，1 
-ー
< 
?
?
?
?
?
?
?
?
??
?
?
. 
6e FT'smitiue tddmpoteMsifZI R 伽tJh
Side=BR叩 R:e1:>y Lemma 13. Further W~ e，:a;n 由主Mltlt:¥itヲZhfhieRe
n 
ヨlRe.1ft f.a叫for~y li:()u-z:e'w ~ :E R.e t'h~t~ is制品開問tφgze@五R
u-nd，hdh 
L gOMmce La《 OLRR‘SOWecandidmthenaturaIepimzphism 
νz{@hR}/L→@(んR/f〉J}・
止=325宮1
V0504 Q {P41(兵)ε 凶 59る;{gJj=E，aωntzadietio孔
3二島
I ;:， :(的問)jL'1 
wtih zJTsa 
The'n， tfUt問
Hence百#ν。t..i(五);=poio長。勾(兵)=
TJhwもhere詰 Jγhe持Rh側chth抗日ヂ{んザjkkgjt}εS(hRfJfg&)z
L，emma 1 {~ì. 
afwimFiefaiT ￠ngt 在 {1 ~ . .， ' I~} 。
qfom stSCA that (OLR}/L=Emeb)) 
⑪m is th' PTザeetiueωv~r ザ E(T(eRIl H.
t e{11-vn}， 
以[fh134
PE品Etof Theorem 4. 
80桝 havejε{13・uFn}
)=zsjeRe型 whie拠出録制静岡;tlnIs Db.ta.l問dby 
詩吟=BRR仰いGTURiふ
{with 
SXj~i:s.foe8. 
fm arcy 
byLlemmaT 
R 
The FOllowingdvesa proof forzonly if 
RR均 &R返却 T(:aRfi，)
S也FFoset為at
40 
Let 叫んγ・~ん
否#GE哀器(⑪伊}JL
E 居 0，.g:=i 1 anu A記念ト
PROPOSIT10N66 
特例制⑪T知的)‘
S{hzzeeaJand sbtREAR吋
z 
私e・
i:s ~ righ，t R~s'JJ，bm，(J j;匂h
????
?
?。 ?《? ????
TheE42ZCre tsince 
with 
? ? ?
??
??
?
?
，
ー?
?
?
??Jt}lfi手鴨 haveEluder the assumpt4012 of Propositlongi R6'fr/，i{j;，fkふ
??
?
『
? ?
??
ftRJ~ 何 Jl. R12'1
hr' .‘ 1 f3I 
Pγ'()J:)!. Fnt偽~ih i E， {lぃ・リn}脇陣&関口屯針。dJemeat s五位$(fiR，!eq)lte)' 
flRheω胸 ins，adired側ls:J1RfrSfRRe) EI1JtRJtS{先Rs}01 t wa sinlple left 
In， fac.t， if 
fIRA-modulest a ∞ntìa:di~tipn ， The'EetOcEe we <:ah '.締SUl
t，jε{1いけti}喜foz J乱E1ydistineapsdr 
aEe pairwise orthogonal-‘ 
RRん
， 
And deameanepKIUQEa 
哀i1EhR.wlte，t~ 
なお: 8tiR → T!(ceRR)~ 
~，. ψ{窃zt)= 玄仇{zJ3
⑦ぷRE骨ー守
事/
?? ?
? ?
??
?
?
?? ←?
??
?
?
ーーーー+
Z1 we have ian @Iヰー
ψ:QbょR→
obtain 
。
phism 
wher~ th~ r:OW lSexa.ct and勾isthe 恥cI泊;SionmapLPujt L:=EC回llThell
S((母印刷の待
hshow the tnj倒的itpof{6LR)/ム by
r~$ø~JJ~hßs in a dil祭iram磁:foU，
We only l1.為keL'e四IPaJ6
?????
?
?
Ra， 品咽骨-+'
? ?，??
?
，??
?
←
?
が。
?
????
?
?
?
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U4科与ZZ:=SURe)ヲ
軍服叫emguz 認εle
the row is 郎副納dI:mh S((⑪lLh)/mw 
aZ掲 T{dA)fOY蹴 hiε{1，…，'n}会
~lt the雲e.a:re長在{1，' ・・川}sucn tha:.t ，/* la:1ミt 11: f'act; with#(忽}#G.
臨時28kε{1，・hA811dth前助芸乃 mceRZ習志向 iorany di剖inct
p術りを fl1，. .' . r ~} by Remark 4， $o Jh，R叫ん.Tk idl 
SUKRdLKMF財S〈(窃兵RMfLリhsi鴎plhS(fkRMLh)=(SKR十Ld/Lゐ
議思1
¥)yもbetieanition Gf 
出土昆nLfor組 y同 {1ran}，百.kea tn1館。morphim偽21LR/ん→
AR〉/L mturdIy， Then we c捌由貿腹絶 412=い1'$:( t， R n，fJ;，fI:)) -→切手 e
住d血daMoreovef‘sin鴎
.ancl SK廷 S1fkReeRe)事sm曜:ejL晶42=。So 
ag がいTheEdozev we乙anm事前d(s~R+ LkJ匂 z sμlto .=i B(f~l丸刈‘
such yf ief晶RThus theze is H銅山{f&FS(lERM)):‘ an ele関側tof 
FUl'tlwr put 
EomR〈f島町JkR.~lL*ì) 伽.t} S:(ゆ五RZ〉fL)
te凶 nas4; 直叫adfegS(fkRe4FKD by as elements o-f ゃqIE置がーthat 
賢 二i品→ふ吋一
富山崎 ，~' 1f ;e) (yt.) E HOInJifRlh (tÐf~BRìlt) ， 1')1組砕い=事If母 hyahov~. 
SGwe have 42事1¥)y L~m胸 10る
b:e t.he natnr叫@pImofphismand put L~t 5衿md 
Assume出atL is nt3t飽 IalIin ?
??
? ? ?
《
??
?
?
? ?????
令ー
t:」
♂ 
?
??
?
?
?
?
??
?
、
?
出 n{Z+命兵J)/窃五Jhwt慨 0.sothemhjε{1， ，. .・ ，r1!}
t'害事1 4詰1
+ε仇 ELbω，meηE R slnωriIitg jt.Rfl is loca.l fo.r 
勾匂.
嘩2
t.hat 
eaζh lε{1γ ・1n}. We may assume j=1. Put ム:=(ε$ftR)内L
Then (玄@川)/ム(向 (f}fiR)jL)is加 injectiveEight R-module since 
=L+予言以北 Th:e碍fure.，ta.ke' amonomorphis'Iil c; 5{h RRI L1)→ 
R)fL，* (we nQt態thatS(i1RR，j L1)潟 S((ヲ'3JfiRFt)!ム))， and we have 
her monomorphislil ~ : f1R/ L1→(副R)jL機 8uchthat ~ls(fl R山=
とる Hence there are t E {2.j・…，n} pε f1Rh such that ト 8}手。 5 
S(/1RBIIn) =-($:lll+ Ll)!L1 ，andφ五郎財$HOffia(!tR， fiR)→ 
R， ("'2)DfiR)/L.)， where the second map 18 a grou叩pe叩ゆP戸imnm1ぬor叩p凶hi8r
i::2 
herefore by 1佃 lla.1 (3) r.S(I1RfthRe) = r，S(f1Re，eRe)ヨTS1#0.
But /iTi }s a simple leaLRft-eubmodule of fiRe by Lemzml{2}，1忠
五T，= S(f;RfJiRe). 80S1恥 er E fi，Rfl ~ J by Remark 4~l T'S([1RhflRe)三
r.Ti = 0， a COIltmaction-
By Theorems 3' and 4 we ha;ve al10ther Theorem. 
THEOREM 5. Let e， ft， .・.， fnbe primitive idempotents 01 R. S'uppose 
thad R satisfies D[!i， 1，eJforαng tε{l，...n}. Then the Joloωing five 
t 
C'd1il;aitions are eqωω仇t~
(1) (i) E(T(eRR;) has the pfojective cover ゆ;@LR→ E(T(eRR)) 
43 
which satisfies S(Ji，RR)nKerゆ=0 f(Jr a.ny tε{ 1，.・1れ}，
(U) S('.R!iJiRe) is sirnple /or any i E {1γ-vn}. 
(2) (i) S(RRe)向 EDT(RRfi)，
(i) S(fiRR)記 T(eRR)forαnu tε{l，-，n}p 
(iii)S(fAfifiRe) ts smpJe foTαny i E {1，‘・1η}.' 
問。)S(RRe)勾 EDT(RRfi)i
(i) !iR is a quαsi引~jeclil1 e 1'ight R刊 odu/'ewith S{五RR)向 T(eRR) Jor edLch 
tε{1γ'vn}a 
(4) E{RRe) is quasi~p'fOjectivè αnd (Re)拘 is its projective cover， where 
S印刷局EDT(RRん)令
(5) (i) S(RRe)勾 EDT(RR兵)，
。i)1 ~ (Re) = 0， 
(Ef)fiR) 
(i1i)Fwead4ε{1 ，・ 1n}FAR忽 d~Jìnl}Stke Morita 4.包-α加古betfueenthe cut-
egory 01 jinitely gene1'aied left hRfi~m()dules αnd the cαtegory of ，snitely 
9eMmted Ttght eReJWRe(LR)-mod時ふ
1J the above cO'nditio-n issatisfied， We伽αyassume thαt {五}i:l ETe 
patTwise optJ2010nα1. 
44 
• 
-
ProaJ. (1)吟 (2): Sine;e Ker(ゆIliR)写=λRnkerゆ=仏 S(!iR).勾
T(eRR)' So (2)おsatisfiedby Proposition 5 and Lemroa 1 (2). 
(2) =今 (1): E(T(eR~)) has the projedive coverゆ:ED五R→E(T(eRR))
¥=1 
by Proposition 6 and Lemtna 1 (2). Further to cotlsider the definition 
of -:o in the ttoof of Propo$ition 6事 wehave S(fiRE，)n Kerゆ==0 since' 
S(!iReeRe) = S(!iRR)"e by Lemma 1 (2). 
(2)特 (3)特 (4)特 (5): By Theorem 3 and Lemma B (1). 
The last statement is from Remark 4. 
Th.e訓 thorwould like to Umnk Pl;of. M司 Ha.rada，Pr，of. K. Oshiro， Dr. 
J. Kado and Dt. H. Asashiba for their helpful advice. 
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GENERALIZATIONS OF NAKAYAMA RING IV 
(LEFT SERIAL RINGS WITH (*， 1) 
YOSHITOMO BABA AND MANABU HARADA 
(Received January 16， 1986) 
P 
Let R be an algebra over an algebraically closed五eldK with五nitedimerト
sion. Under an assumption J4-0， we have studied a left serial algebra with 
(*， 1): the radical of any hollow right R-module is always a direct sum of hollow 
modules， in [3]， where J is the Jacobson radical of R. In this case eJfeJ2 is 
square-free， i.e.， a direct sum of simple modules， which are not isomorphic to 
one another. We shall give， inthis note， a complete characterization of a left 
serial ring with (*， 1) under the assumption: eJfeJ2 square-free. ノInthe forth-
coming paper [5]， we shall study a left serial ring with (*， 1) in general. 
1. Definitions and preliminaries 
In this note we only deal with a left and right artinian ring R with identity. 
We assume that every R-module M is a unitary right (or left) R-module and 
denote its Jacobson radical and socle by J(M) and Soc(M)， respectively. 1M I 
means the length of a composition series of M. If M has a unique composition 
series， we call M a uniserial module. If， for each primitive idempotent e， eR is 
uniserial as a right R-module， we cal R a rなhtserial ring (Nakayama ring). 
明Te obtained a characterization of a right serial ring in teロnsof submodules 
in a direct sum of uniserial modules [1]. As a generalization of the above 
result， we studied the following property: 
(*， n) Every maximal submodule of a direct sum of n hollow modultsおalso
a direct sum of hollow modules [2]. 
In this note we shall study a ring with (*， 1)， i.e.， every factor module of 
eJ is a direct sum of hollow modules for each primitive idempotent e， where 
J=J(R). Concerning (*， 1) we got 
Lemma A ([4]， Theorem 4). Let R be a right artinian ring. Then R 
satおifies(*， 1) for any hollow right R-module if and 0ηly if the following two con-
ditio市 arefu伊led:
1) 
hollow. 
eJ = 2~/æAj ， where e isany primitive idempotent仇 Rand the Aj are 
• 
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2) Let CjコDjbe two submodules of Aj such that C;/Dj issimpje. If 
f: C;/Dj勾 CjfDjfor iキj，f or j-1 is extendible to an element in HomR(A;/Dj， 
AjfDj) or HomR(A)Dj， AJD;). 
On the other hand T. Sumioka found the following remarkable result: 
Lemma B ([6]， Corollary 4.2). Let R be a Z，ψserial ring， then e J'おαdirect
sum of hollow modules ωrなhtR-modules for any i. 
羽Te shall study， inthis paper， only left serial rings， and so we denote the 
content of Lemma B by the following diagram: 
「 eR 
、 、 ? ?
?
???、 A， A~ … A_ |&|ゐ ln¥
All ・A1n， A21 ・A2n2 … An1 ・Anno
1 1-1 1- 1 1日
eJ 
eF 
• 
The diagram means that J(eR)-eJ= 2JEBAi， J(A.)-2JEBAkj (k = 1， 2，…， n). 
(cf. [2]， ~2). 
Further we continue to observe (1). 
( 2 ) 
All 
d山 All2・2川 …J(Aρ 
1 I 1-
A12 
Al2lA12…A12t2…J(A12) 
I I 1-
and repeat this process. も~e somctime denote Ajli2"'it by A"， and define 1 a 1 =t. 
Let α=i11L…p itand β=jljz…jt・ Wedefineα>βif tくt'and i1-j1…34=ji， 
¥vhich is nothing but A ,,:J A ß• vVe note thatα表βifand only if A" n Aβ=0 
Let x bc an element in ej. Then X=X1+X2十…トーX，;Xj EAj. If X1 EJ(Aふ，
X1=Xll十X12十…十X1n1;X1i EAli. Repeating this process， we obtain五nally
(3) x=九十Z2十…十ZI'where zjEA"i-J(A"ふandaj送αjif i宇j，ie.? 
2J A"i-2JのA"i・
Finally， let e and j be primitive idempotents. By T(eff)) (resp. T(Jij)) 
we denote the setσ'j-eJiγ(resp.ff-ji+!f).For a hollow module d，Z 
means AIJ(A). 
2. Main Theorem 
We shall give a characterization of a left serial ring with (*， 1) as a right 
R-module. 
Theorem. Let R be a left serial ring such that eJfeFおsqua吋 reefor each 
prim白iveidempotent e. Then 
， 
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(*， 1) holds for any hollow rなhtR-module ifαnd only if叩ehave the folloτ0・
ing condition.' 1f A(%IJ( A(%)均 dβIJ(As)for α=ilif--tL， β=j1j2・js(1くhくsand 
il宇j小AsIIJ(As)お uniterial，whereβ'=jlif--js-Hland da，44FG7zd AF，are 
hollow modules in (1). (See [5]， for the general case.) 
CorolIary. Let R be a 1，そftseri，α1 algebrαoverαn algebraically closed field of 
finite dimension. Then (*， 1) holds for any hollow rなhtR-module if and only zf 
the condition in Theorem is satおified.
Proof. This is c1ear from Theorem and [3]， Lemma 3. 
We shall study some prope口iesof a left serial ring. T. Sumioka has com-
municated us the following lemma. 
Lemlna 1 (T. Sumioka). Let R be le_β serial. Let x (reゆ.y) be in 
T(eJ'f) (reφ. T(万1g))， where e， f and g are primitive idempotents. 1f Ji+i gキ01
xy E T( eJi+1 g). 
Prcof. Assume that xyEep+j+lg. Since R is left serial， Rx =]，f and 
Ry = J1 g. Hence J川 g=]'Ry=]'fy=R:ηcReJi+j+1gcp+j+lg. Therefore 
J(Ji+j g)= Ji+j g， which is a contradiction to the assumption ]i+i g宇O.
From now on for a left serial ring R A"" Aβ…are hollow modules in the 
diagram (1) and A(%(i) means a submodule of Aj. 明Thenwe need to specify 
|α(i) I =t， we denote A"，(i) by A"，(i.l) 
Lemllla 2. Let R be a lゲts俳句lring and X， Y hollow rなhtsubmodules in 
R. 1f f: XjX1信 YjY1for some X1 cX and Y1 CY， there exists d仇 Rsuch that 
dX= Y (or dY=X). 1f Xl=J(X) and Y1-J(凡 dl，left-sided multiplication 
of d， induces J. 1n general，ずdlinduces f， dX1 CY1・ 1npαrticular， ifA(%(j)勾
As(j)( !α(i) !三!β(j)!)， 切ecan find such d仇 Aj'
Proof. Since X is hollow， we can find a generator x of X with xe=x for 
some primitive idempotent e. Put f(x十X1)=y十Y1(yE Y). f being an iso-
morphism， y is a generator of Y and we may assume ye=y. Further we may 
assume xE T(]1)， yE T(]1) and iζj (if j>j， replace X by Y). Then， since Re 
is uniserial， there exists d in R such that dx=y. If X1-](X)=xJ， dX1-dx]= 
y]=Y1・ Letx1 be an element in X1 and x1=xr; rER. Then dx1=dxr=yrE Y 
and dX1十Y1=yr十九-f(:t7十X1)= Y1， provided that dl induces J. Hence dX1 C
Y1 (see the proof of [3]， Theorem 3)， IfA(% (i) ~Aβ (j) ， daニ b，where A"，(j)二 aR，
ん(j)=bRand dEe]e. Let d=ヱdj:di EAj. Since b=da=ヱdjaEAj，b=dja. 
Lemlna 3. Let R be a left serial ring. Asmme A(%(i，I)信 2戸(j.t)for A(%(i.tJ C 
Aj and Aβ(j，t) cAj' Tlzen A"，/(j，t)旬 Aグ(j.p)，provided、A〆(i.p)コA(%(i.l)and AsI(j.t) 
コAβ(j，t)・
? ?
?
??
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Proof.We show ZSF(iJ)均 .AsI(j.t). From Lemrna 2， there exists an 
element d in eRe su山 h叫ん戸As(j.I)' Let 7rγωbe 山内~ection of e]T to 
A，/(s.t)' Then dl A〆(j.t)=(手引(s)dl)I A此 P)，wheredI mem the left-Sided 
ヂultiplicationof d. If 7rβノ(j.t)dlA(1O/(j.t) is an epimorphism， .A.ト心信Zrfd川
Assume 7rsI(j.t)(dA(1OI(j.t) c](Asぺω). Let A(1O(i.tρ)=αtぷRand AN.雌ト川.〓=;i♂R.Th.e印五
at= αリρ戸川x;パx応巴T(υ]1ト一寸ηp
z勾βr阿〆ぺ勺(υj.t)ρ(d，ぬαpげxR)c](Aβs' (υj ，Jρ)片xRce]件川l， a C∞on凶ltr悶ad必iCdt ihO I且1. H e n c e ZFJ A 勾 Za J r 2 A ・
?nd so dAP)均 AsI(ωbyLemma 2 (note At>I(j.t)， Aβ〆(jJ)arecoIiiiiLed i;UP 
but not inゲ什1).
Lemma 4.Let R be a 14t serial ring-dsS14771e thotd=ヱEBAj，where 
the Aj are hollow・ Thenthere are no non-zero elements dυ d2 in e]e such that 
d1 EAj. d2EAj(i宇j)provided .Ãj~.Ãj ・
Proof. We may assume that d1ET(A(>lw) and dzET(A(1O(ρ. Put t1 = Iα(i) I 
and t2= Iα(j) 1. Then t1キfzbyassumption and Lemma 3，since d;支窄eRfor 
i=1，2. We叩 choosea pair (ι dO such山 ttf十t;ismim-c(く tO・Then there exists do in A j ハ υI~-I~ such that dodfニニdffrom Lemma 2， and so 
(dj， do) gives the contradiction to the minimality. 
-Lemm子5. Let Aj be ω above. Assume that any pair of {AυA2' A3}ゐnot lsom01アhicto one another. Then， forαny primitiueidempotent g3there wo 
three elemel仙台仙}ωfoffoms:1)GIjlET(dJj1)，a向2h巴 T(dJj~勺2)and a3幻i巴
T(AんJ♂ρ]'aサ)s刈ucht幼hμ仰αata川川川川α叫叫向丸川gりυ仇Jjれ;g♂jg=α i J〆.
i=l， 2，3. 
Proof. Since Ra j ・jcRgand eajj;=αj j;， this is cIear from Lemmas 2 
and 4. 
Now we study a right artin-n ring with (*， 1)・ Forthe sake of simplicity， 
e change the expression of a direct decommition of グi.
The following lemma is the “only if" part of Theorem. 
Lemma 6. Assume that R is a rなhfutinfmringmith(*，1)ωrなhtR-
modufes hr d=dleBledi=EedaheゑEBBikEB "'， where the Av Bl' 
Ajk， Bjk
.. are hollow and A1コAiゎB1コBsゎ…・ 1fZi1勾 Bj1forIくjくj，Bj-j+ll 
](Bj1) isun合-erω
Proof. 
1fi -1 
Put C1=嘉戸2k十ZM3汁・七三EBAjk ????
? ? ?
? ?????
十EJ26Ai4十](AO+;gpdik Then f:C1jDl勾Aj1/J(A心勾BjdJ(Bふ As-
sum?that f-lis ext:endibie to a g'in HomR(BJ(BjよA1!D1)・
B1]'-1コBjl'ど(B1]'/J(Bj1)コど(Bj1/J(Bj1)=f-l(.BjdJ(Bjl))宇O.
Since B1]'コ
On the other 
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hand， g'(B1J'/J(Bj1) C (A1ID1)Ji_0 for A1J' cD1， which is a contradiction. 
Hence f is extendible to a g in HomR (ムIDl!BdJ(Bj1)) by Lemma A. Since 
AdDl is uniserial， Soc (A1/D1)-(Aj1十D1)ID1~Ail/(J(Aj1) and g I AIJJ(Ail)-f is 
an isomorphism， g is a monomorphism. Consider a uniserial module 13j-1-
g((Aj-ll十D1)/D1)つBj1/J(Bjl)' Let J(Bj-ll) = Bjl EB Bj2 EB…EB B jt. Assume 
Bj2ヰO.
f 
Bj1 
J(Bj1) 
Bj-l 
Bj-21 
Bj_tt 
Bj2…Bjt 
Bj-22 
Then So州 Bj1)二三esoc(BJddpsoc(B川)EB.... Since Soc(丸)=
Bj1/J(Bj1)， 13j-1 isnot uniseria1. Hence Bj2=Bj3-…-Bjtニ O. Considering 
the same situation for g((Aj-21+D1)/Dふweobtain similarly Bj-12=…=Bjーが
=0， where J(Bj-21)-Bj-llEB…EBBj-lt.... Repeating this argument， we know 
B j _ i+ 11 J(B jl) is uniseria1. 
In Lemma 6， ifi-j， B1/J(Bj1) isnot uniserial in general (see Example 1 
in [5]). 
Lemma 7. Let R be left serial and A，.(;，th A声(j，t)hollow modules in (1). 
Assumeα(i， t)宇β(i，t). Then there are no d in] such that dAOI(i，t)-dAβ(i， t)キO.
Proof. Let AOI(i，t)-aR， Aβ(i，t)=bR and assume that there exists d such 
that dαR-dbR. Then there exists r inR such that dar=db， and so d(ar-b)=O. 
On the other hand， ar-bキoby assumption， and there exists a primitive 
idempotent g such that db=dbg. Further d ET(JS) for some s and 0キdbE
T(Jt+$g) by Lemma 1. Hence d(ar-b)ET(J山 g)，a contradiction to Lemma 1. 
The following is the “if" part of Theorem. 
Lemma 8. Let R be a left serial ring with eJ squareてfre. 1f R sat内向s
the result仇 Lemmα6，then (*， 1) holds for any hollow module. 
Proof. First we shall show from the assumption that 
( 4) there are no three distinct hollow modules AOI(;"h Aβ(;，s) and Aγ(j， t)
such that AOI(川河2戸(;，s)匂 Zγ(j，1) and i宇j，Sくt.
Contrarily we ass山nethat there exist such modules.' Put A，.(;，s)-αR，Aβ(;，) -
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bR and Aγ(j，t)=cR. Aγ(j，t-S+l)jJ(Aγ(j，tl) is unisreial for someγF(jp t-s十1)>
γ(j， t) by assumption. We may assume that ag=α， bg=b and cg c for some 
primitive idempotent g. Then there exists d' in T(eJt-Se) such that 
( 5 ) d'a -c 
by Lemmas 1 and 2， Let Aj-αjR and d' aj= 2j Vj as in (3) (ajh=αj， vjh-vj 
for some primitive idempotent h). a being in Aj，α-ajr for some r inJ. Then 
c-d'α=d' aj r-2j V jr. Hence from the observation after (2) 
(6) c=vkr for some k (say 1) and vk，r 0 for k'キ1， 
c-v1r implies that V1EAo(j) and oU)>β(j， t). Further α=αj r implies r E 
T(hJS-lg)， and so V1 ET(Jt-S+1h) by Lernma 1. Hence V1 EAゲ(j，t-s+l)(note 
dγ(j，t) cAγ(j ，1-5+ρ， Now there exists d in T(eJt-Se)ハAj with V1 =daj， and so 
( 7 ) daニ dajr v1r = c and daj-むl
by (6)， Let b=α〆forsome r' in R. Then r'ET(JS-l) and db=dajr'= 
v1r'EAy〆(j，t-什 1)(¥ T(Jt)=A'Y(j，th since Aγ(j ，1-州 )jJ(Aγ(j，t)is uniserial. Hence 
dA~(j ，s)=dAβ Ci， s) 宇 0 ， which is a contradiction to Lemma 7. Thus we have 
shown (4). Now let A1コC1コD1and A2コC2コD2be submodules such that 
f: CdD1均 C2jD2and CdD1 issimple. Let cj= 2j Zjk be a generator of Cj for 
i=l， 2， where ZjkET(A~ji) from (3) and Zjkg=Zjk for some primitive idempotent 
g. We choose a generator CjECj with min{minlαjk I} . We may assume that 
c1=苧Zaand 1α11 = 11...11 is minimal. Then C1 = Z1 (= x) from (4) and 
Lemmas 3 and 5. We shall take the following Dt similarly to D1 inthe proof 
of Lemma 6: Dt -AI2EBA13EB…EBAll2EBAll3EB'" EBA1.12EB…(11…1-α11)' We 
shall show 
( 8 ) D1 cJ(A~JEBDt. 
Let y be an element in D1 and y-2j yj; yjEA~j as in (3). Assume αl~α11= 
11…1. Then there exists r in Rg such that y1r-x. x-yr= 2j -yjr is also a 
i~2 
generator of C1 and contained in Dt. Since A~l1 (\Dt=O， we obtain a contra-
diction from (4) and Lemma 5. Hence αlくα1'and so (8) is true. We choose 
a representative W in C2 of f(x) such that wg=ω. Let w= 2j wj(wjg-wj) asin 
(3); wjEAβ(ル Sincew1g=W1 and Iα11 I isminimal， there exists d ~ in A2 with 
d[x=w1・ Nowwe have the same situation as (5). Hence from the argument 
after (5)， similarly to (7) there exists d1 in T(eJt-Se)ハA2such that d1a1 E 
T(AsI(/.I_州))and d1x-W1， where tニ |βρ)I ， s= Iα111 and β'(2， t-s十1)>β)(2).
Let γ(1， q)=ll…1 and ゲ(1，q) be two distinct indices with 1くqζs. Let 
• 
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pEDtハAy/(1.q)and aq a generator of Aγ(l，q)・ ThenX aq r'for some r' in R. 
d1aqr' =d1x=W1宇0，and so d1内(キO)ET(eJt-s+q). If d1Pキ0，d1PET(eJt-s+q) 
by Lemma 1 and d1P and d1aq generate a same submodule between A〆(2・t-s+l)=
d1A1 and Af3t)， since Af3I(2・t-s+l)/J(Af31(2)is uniseriaI， which is a contradiction to 
Lemma 7. Therefore d1P=0 and so d1(Df)=0. Similarly we can五nddjEA2 
such that djx Wj for each Wj and dj(Dt)=O. Put d* -2J d j • Then d勺=
2J djx-2J 'l列=W. Let μbe any element in D1' then from (8) U=U1十的，where 
u1 EJ(AIlIJ， ~EDt. We denote u1=xj; j EJ. d*u=d*Ul+d*~=d*Ul=d*ベj
-wjEC2JcD2・ Therefored1， left-sided multiplication of d*， isthe desired 
extension of f.
Proposition. Let R be a left serial ring with (*， 1). Let α(1，s)=11...1， 
β(2， t)=211...1 (sくt)and I Af3(2.t) I =k. 1f Ã~(I.s)均Ãf3 (2.th then Af3I(t-什 1)勾 A1/D，
whereβ'(2， t-s十1)-21…1and after renumberi:智 A.，(1p) for al P， D = A12EB 
A13EB... EBAll2EBAll3EB…EBJ(Aγ(1.s+ト ρ;γ(1，s+k-1)-11..・1.Hence A〆(υ-s+l)
is unisen.al. 
、ー
Proof. Since A.，(1.s)勾 Af3(丸山 thereexists d in A2 such that dA~(I.S) =Aβ(2.tl 
by Lemma 2， and so dJ(A~(I.S))= J(Aβ(2.0). Let J(A"，山(臼1.ρs))=A1川 fiAu..1
and J(A β仰(ω2丸υ.t)ρρ))-A21...1EBA21 ι fi.….日へ.ヘ. Since d勾J(A居ぶ(ω )-J(A β仰(ω2丸υ.t)ρ) and A 加 .寸t1 iおS 
hollow， A21 ・1均 All叫 for scme k. Then A21・.lk'=Ofor k' 宇1 by Theorem. 
Repeating this argument， we know that Aβ(2.t) is uniserial and Aβ1I(2.t+ト 1)is the 
socle of Aβ(2.t) and is isomorphic to A.，I(I.什ト1)・ There exists d' inJ from (7η) 
such t白ha坑td
the propoωSi江tiぬonfrom the last pa比 ofproof of Theorem. 
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NOTE ON ALMOST M-INJECTIVES 
YOSHITOMO BABA 
(Received Apri1 30， 1988) 
Recently， in[2]， Harada and Tozaki defined‘almost M-projectives' which 
are generalized from the concept‘M-projectives' due to Azumaya. In this 
paper we shall define a dual concept‘almost M，判 ectives'. In the forthcoming 
paper [1]， we will show several results dual to Harada and Toz汰i'sones above. 
The purpose of this paper is to generalize the following Azumaya's theorem 
concerning to M-injectives: N is M1-and M2・injectiveif and only if N is M1 EB
Mfi吋ectivefor modules N， M1 and M2' to a cぉeof‘almost M-injectives'. 
An easy example shows that the theorem can not be modi白edas the same fo口n.
Throughout this paper， R is an associative ring with identity. Every 
module is a unitary right R-module. We always use i，らandi" (k= 1，2，… or *) 
to denote the inclusion maps. For modules M and N with NCM， we denote 
by NcM and by N.くEBMto mean that M is an essential extension of N and 
that N is a direct summand of M， respectively. For modules M， N and a 
homomorphism f: M→N， M(f) denotes {m+f(m) I mEM}. For a module M， 
unif. dim (M) and IIMII denote its uinform dimension and composition length， 
respectively. If for each simple submodule S of M there is a direct summand 
M' of M such that S c M'， we say that M is extending for simple modules. 
For a st T， I T I denotes its cardinal number. 
Our main result is the following. 
Theorem. Let Uk be a uniform module oj finite compos白ionlength for k= 
0， 1， 2，…，n. Then the following two conditio市 areequivalent; 
? ? ??， ，
?、 Uo isal;明M22jbUK判 ec伽.
(2) Uo isalmost Uk-i・'njectivefor every k= 1， 2，…，n and zf 80c (Uo)見
80c( Uk)信 Soc(Ur)(any k， lE {1， 2，…， n}， k宇1)then (t) Uo isUk-and Ul・injective
or (i) UkEB Ulおextendingfor simple modules. 
DEFINITION. Let M and N be R-modules. We say that N is almost M-
injective if at least one of the following conditions holds for each submod山 L
of M and each homomorphismj: L→N: 
(1) There exists a homomorphism f: M→N such that f. i= j， 
'‘ 
会
錦8 Y. BUA 
(2) Thete exists a I'lon-zero ditect summand M1 (;)f M ~d a homomorphism 
f:N→M1 sueh性lat!:'t司 64wh悦 wrM→.ru(~ is a pl'Qjection (Jf 14 'onto M1・
1n this dehnition， lor a given dlagram: 
。 z M 
(*) 
ーL
f 
N 
weqH也低 thefirst (teSpective払 second)tase occuts in the diagr4m(*) if the 
condition (1) (respectivelyt (2) holds in the diagram. 
，Lomma A. Let U l1e a un物物錦繍le.and X an inゐ'compo$ablemOatle. 
IfUおalmost)(.・injectiveand 1UIミIXI，U isX-injective. 
Proof.Consider a diagam: 
。 z ? ? ?
? ?
X 
U 
Assumi e that thmcond伺関ωcumiaddsdi得fatn. Let J:U.→Xbea homo-
morphism sueh th拭 izf-メ (Nぽethat X 1.sindecomposable.) Then J 18a 
monomorphism .since U isa unifOtltl module" and 80 H UIl孟IXI. We have 
IlUI IfXlI fro.tU the aSsumption. nUIl~fIXU. Therefore 11s 制 immOrphism-
Thenf. 1-1.;. 
Lemma B. Let M a1Ul N be R'-modules‘ Consider (J' diagram: 
。 z 、-ML 
f込
N 
仰 dNK:=恥〈j7.伽ずth指CMcωeoemi絡ま紛 dwam，tbm釘a
prope:r Jirect su潮mmdMザo!M卸h幼 cmuainsk. 
ln particulo:r，グK午M，then幼epntcme ocmgs. 
Ptoof: Sinc~ tbe secondωe happens， we bave a direct deeottlposition M坦
M'@MMmdf:N→M' for whfch theぬgrani!
whe問， 1健恥g向 ZM(詰 M18Mz)→M.， b怠thepfcdestion，Dzz的(L)and the 
homomorphisms/'詰紬ゆs1011ows: ，p吋:=門会λ-#.1L):' L ，.N. Since 
Io(L1 e~): 0 (from. the de制活onofλ)，themoEddmpλ!;L!(L1aLt}ゅ N.is
induced. We let 1': LIt→N be the ∞mp倒itemap:Unatural epL PDlL晶
悦よ1h0.41Lゆ砧ム→N・
NOTE ON Au;lo町 M，hmmwEE 縦割B
。『 Lー
????
、
↓n' : p:roj問。nf， 
t Eq-ri色"
hcormJU削 ve.Theni(khi-i(K)zf-f(K74，m-dkgker(z'}zMWく@
M. Since M'宇0，M" isa proper direct summand .• 
Now we prepare for Le~， C belo'W. Let N" Mi， and M3 be mo.d叫es，and 
put M:zMI@34.Consider a diagmz: 
r z 
M 。 L 
、
.• ， ?
????
? fナ
N 
From this diagram we 'innuce the fol1oWing f町長='1，2: 
0・
i/t 
M" ー L"
JI~量 l
N 
where LIt:. ."LnM.・ Moreover when tke first伺聡 occursin bo也 diagrams
(2-1) and (2-2) (let J，: M戸.Nbe homomorphlsms such that !IL.-人・ら for
k-l， 2)， we $hal eQ~ider the toUQWIng for.k 1.，2: 
(2品)
。 Lk ih M昆一
t3 .k) 
fi， 
N 
Lemma c.hszmge that N be almost M1・andM2-J'njef;titJe， ct鍬S始ra 
一
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diagram (1) and induce the above diagrams. 1f the first case occurs仇 bothdia-
grams (2-1) and (2-2) and does in either (3-1) or (3-2)， then so does in the diagram 
(1 ). 
Proof. We say that the first case occurs in the diagram (3-1). Let J刀:
M 
the following commutative diagram: 
。
「-4 
7l'1 L 
L 
10 
11 
L1 
p 
VjL1 R 
(五百)ー l
Lj(L1EDL2) 
λ 
N 
where p is the canonical epimorphism. 
Then， note that 7l' k I L =的・4
f=ん十(2fk・巧1L) 
=f:-ん IL)十(会1λ 7!kI L) 
=ぴ:-il+λ)・(7l'lIL)十h・(7!21L) 
={ぴ(-il十λ).7l' 1 + J2'7l'z} • i . 
M1 
Put J: =(!f十λ)'7!1+!2'7l'Z・!is a homomorphism from M to N satisちringf= 
J.i. So the fir・stcase occurs in the diagram (1). 
Corollary 1. [Azumaya] Let N， M1 and Mz be modules. 1f N is Mt-and 
Mz・injective，then N is M1EDM2・何utive.
Corollary 2. Let N， M1 and Mz bemodules， and let N be almost M1-and 
Mz-injective. Consider a diagram: 
。 L z λ1: = MrEDM2 
(ホ) f 
N 
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and put K: =Ker(f). Then グKc M， the first case ocωrs仇 thediagram (*). 
Proof. lnduce the diagrams (2-k) (k= 1，2) from the diagram (*). Since 
k午M and KcL三M，LFM.Andker(/|Lh)=kn LK午Mn Lk=Lk=Mk n L 
cMk n M=Mk. Therefore Lemma B shows that the五rstcase occurs in the 
diagrams (2-k). So the diagrams (3-k) for k=l， 1 are induced. Since LkkKer 
(f~) and Lk C Mk! Ker (f~) C M/r' Therefore the五rstcase also occurs in these 
diagrams. Thus a desired homomorphism exists in the diagram (*) from Lemma 
C. 
Proof of Theorem. (1)尋 (2): The first condition of (1) holds by [1]， Lemma 
9. We shall show the remainder condition. To show this， assume that Soc 
(Uo)信 Soc(U1)起 Soc(Uz) and let Uo be not U1・injective. Let us白lda direct 
decomposition U1ffiUz=V1ffiVz such that (Soc(U1) (g)kV1 and V2宇ofor each 
isomorphism g: Soc( U1)→Soc( U2). Since V1 is a uniform module.， this means 
that U1 fiU2 is extending for simple modules. 
Take an isomorphism g': Soc( U2)→ Soc (Uo) and consider the following di-
agram: 
。 1 Soc (U1)EBSoc(Uz) U1⑤U2 
(※) f 
U。
where f(S1 +S2)=g'(SZ-g(S1)) for any Sk in Soc( Uk) (k= 1，2). Then note that 
Ker(j)=(Soc( U1)) (g). 
The assumption that Uo isalmost 2jfi Uk-injective induces that Uo isalmost 
U1fi Uz-injective by [1]， Lemma 9. If the first case occurs in this diagram， let 
/: U1fi U2→Uo be a homomorphism such that f-/・i，then /1 U1: U1→Uo isnot a 
monomorphism since 1 U11 > 1Uol by Lemma A and the assumption that Uo is
not U1-injective. Therefore f(Soc( U1))=j(Soc(仏))=0. But， by the definition 
of f， we see f(Soc( U1)宇O. This is a contradiction. So the second case occurs 
in the diagram (※). Hence， by Lemma B， we have a direct decomposition 
U1 fiU2= V1 EBVz such that (Soc( U1) (g) k V1 and V2キO.
(2)今 (1): vVe shall show this implication by induction on n. Take a dia-
gram: 
r 
• Y.Bam-6Jl 
。
??
?(※} 
。 L 主 U:=忍EDUIJ 
?，
?
Wemay麟 ume伽 tL宇U，~sînce， ot) 
也atL.(;DL'宇U. Then ωasider the following 
.伽:reis a $ubmQdul~ L' of U such 
.u且:
。
K@L' 
。 LEDL' i' U 
f ，~ 
Uo 
wh悦也ehomom邸phism1: LtDL'→Uo .is donned鑓 f(，時的?f(m}forany 
xeL組:dx'eL'. If the fir坑 caseoccurs m出isdhgram世lettU→Uo be a 
す":守.
homom(i)JPlus，JiIl SUCs thatJ ./a，i'， thenf'i f・(ijd=flL宍f.The命st伺館also
OC'ωi持 iatheod6mld均mmO粉々 Oatbeothr had，鉦theseICOMω，e o:cc.urs 
inttdsdiag制'1'let， dキiUF〈@U，fv:U→Uきbea ptl吋耐字削jLq→U'bea 
homotiti町phismsuch 自戒t..vf-ft theIi ，.i 4'・(1't)-}' (/1 L)" . ff.・The sec-
ond側 eat$O 00問問inthe diagram (※). 
Now鎚sumethat the動5t伺sedoes notocaxrs in this diagam.And we 
羽1show也at'the second偽seoccursin it. 
IfK守U，the first c締切削指 izzthedagmm(納byCoroflatyゑa0ontra-
dic嘘oaj金 .HenceK午U.Thenmmy鍛蹴刷協knsoc(U1iH仏 SinceU 
is a脳 te街悶悶nofudMm mod叫ldS，we側蝕ha mmml j{heO，3，…， 
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n} I Soc(U..)CK} I among I {kE {2， 3，…， n} I Soc(UOCK} I related to the di-
rect decomposition of U into uniform modules U~ such that K n Soc( uo O. 
N ow we denote its direct docompωitionbyE@仏.
Since Kn Soc(U1)=0， there is a hOffiomorphism g: K*→U] with K=K* 
(g) where U*:=~EBU..， だ*: U ( =U1 EBU *)→U* is the projection and K*: =7l'* 
(K). Put K*: =Kn U*・ Thenwe have the following two cases: 
case A: K*c U*・
r case B: K*<! U*・
Note that Soc(Uk)三K本 forany kE {2， 3，…， n} . Because， ifSoc (U.) $ 
K*， thenf(Soc(U1)EBSoC(Uk)) is a direct sum of two simple submodules of Uo， 
a contradiction. Therefore， ifSoc ( Uk) $ K牢forsome kE {2， 3，…， η}， the socle 
of K幻K*，which is isomorphic to Soc( U1) via g， is(Soc(日)EBK*)/K*(勾 Soc
(UI<). So Soc(U1)均 Soc( Uk). On the other hand， f induces Soc (U1)均 Soc(Uo) 
since Kn Soc(U1)=0. Hence Soc(Uo)坦 Soc(U1);:: Soc ( Uk). 
In case B， ifSoc (U2)早K，we have either the following two prope口iesby 
assumptlOn: 
く2-i) Uo isU1-and U;〆吋ecitve.
く2-ii) U1 EB U2 is extending for simple modules. 
Assume thatく2-ii)occurs. ¥Ve have a direct decomposition U1EB U2= V1EB V2 
such that V2コ(Soc(U2) (g I soc(uz). Then V]キoand V1 n K=O. Because， if
v1nK宇0，unif. dim((V1EBVZ) nK)=2 since (Soc(Uz))(g 1 soc(U2))CK. But u1n 
K=O induces unif. dim(( U1EB U2) n K)三五1，a contradiction. On the other hand， 
Soc(V2)=(Soc( U2)) (g 1 SOC(U2) c二K. Therefore， we have a new direct decompo-
sition U= V1EB V2EB(~EB Uk) such that Kn Soc(V1)=0. Then， since Soc( U2) $
K and Soc (V2) c K， the existence of this direct decomposition gives us a con-
tradiction to the maximality of I {kE {2， 3，…， n} 1 Soc (Uk)三K}1. Conse-
quently， ifSoc (U2)午K，く2-i)only occurs， i.e. Uo isU1-and U2-injective. 
Taking the same argument for U3， U4，…， U" in order， we mayぉsumethat 
Uo isU口 U2-，…andUm-injective and Soc(U"，+ふSoc(Um+z)，…andSoc( U，.) c 
K for some m?::_ 2. (Since we are considering the case B， mミ2.) Put M1: = U1EB 
UzEB…EB Um and Mz: =Um+1EB Um+1EB…EBUI and consider the diagrams (2-1)， 
(2-2) and (3-1) with respect to the direct decomposition U -M1 EB M 2• Then， 
using Corollary 1 inductively， the first case occurs in both diagrams (2-1) and 
(3-1)・ Onthe other hand， in the diagram (2-2)， Ker(fILnM2)=KnM2千M2
since Soc (Mz) = ~ Soc ( Uk)三K牢・ So the second case does not occur in the 
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diagram (2-2) by Lemma B. The五rstcase occurs in it since Uo is almost 
M2-injective by the inductive assumption. Then the五rstcase occurs in the di-
agram (※) by Lemma C， a contradiction. 
In use A Let Z1:U(=Eeq)→U1 be the projection and put Kl: =7Z'1 
(K). For each direct decompos江ionof U into uniform modules U~ in which 
the caes A occurs and Uf n K=u， we obtain such K'1. Since IK'11 is finite， we 
can take a minimal IK11 among IK'11 related to the direct decomposition 2JEB 
U~ and we denote its direct decomposition by :2JEB Uk・
The special cぉeK1 = U may occur. We shal1 first consider this cぉe. From 
K1=0 it fol1ows that Kc U*・ Thereare two monomorphisms: LJJJ(L*/K) 
induced from f 〉一一一~ L/K >4，，~~~~~u~".J~ Uo and Uo isuniform. Since Lc U and hence 
L1宇0，and so L*=K. Put V: =町(L). since Ker(方1L)=L*=K=Ker(f)， 
there is a homomorphism 1': L 1→ Uo such that f=f'・(7Z'1L)' SO consider the 
fol1owing diagram: 
。 I} i1 U1 
l' 
U。
From the assumption that Uo isalmost U1-injective， the first case or the second 
occurs in this diagram. Assume that the first case occurs and let /': U1→Uo 
be a homomorphism such that f' = l'• P， put J: =1' . 7z' 1:U→ Uo， thenf-f'・(7Z'1L) 
=F.p・(7Z'1L)= l'• 7Z'1. i= J.i in the diagram (※)， i.e. the五rstcase also occurs 
in the diagram (※)， a contradiction. So the second case occurs. Let 1': ~。→
U1 be a homomorphism such that i1=]' .1'. Then]'・f=/，.f'.(π1IL)=i1・(π1L) 
=7Z'1・iin the diagram (※)， i.e. the second case also occurs in the diagram (※). 
In the cぉeK1キO. Consider the diagrams (2-1)， (2一*)and(3ー*)from the 
diagram (※) with respect to the direct decomposition U = U1 EBU *・
[Claim. 1] The日rstcase occurs in the diagram (2-*). Otherwise the 
second case occurs in it by inductive assumption. So there is a proepr direct 
summand of U * which contains K* by Lemma B， i.e. K*亡tU*， since Ker(f 1 L.)
=K*・ Thenthe case B occurs with respect to the direct decomposition U = UJ 
EB U *， a contradiction. 
[Claim. 2] The 五rstcase occurs in the diagram (3ー*). Otherwise the 
second cぉeoccurs in it by inductive assumption. So there is a proper direct 
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summand of U which contains L* by Lemma B， i.e. L*ct: U*， since L*cKer 
(f~).80 K* ct:U* for K*三L*・ Thereforethe case B also occurs， acontradiction. 
Thus， we only have either the following two cases: 
i) The first case occurs in the diagrams (2-1)， (2-*) and (3-*). 
i) The second cぉeoccurs in the diagram (2-1) and the五rstcase does in the 
diagram (2ー*). 
In cぉei)， the first case occurs in the diagram (※) by Lemma C， a contra-
diction. 80 we consider the cぉei). 
8ince the second case occurs in the diagram (2-1)， there exists a homomo・
rphism p: U1。→U}such that i1 =p. (f I Lムi.e.P.(fIL1)=lL1・ 8incethe五rstcase 
occurs in the diagram (2-*)， there exists a homomorphism q: U*→ Uo such 
t出ha拭tf IいL場=q.1i.ふi山.怠e.q IμL.f引ILμ.' Put g': =p.q: U*→U1 and X: =g-1(80c(U1). 
Then U*(-g')~X(glx). Because， since x十g(x)εKfor any xEX， O=f(x十g
(x))-f(x)十f.g(x)， i.e. f(x)= -f. g(x). (Note that Lc U induces 80c( U1)三Ll・
80 g(x)巴L，and xEL since x+g(x)EKCL. Hencef.g(x) andf(x) are defined.) 
Therefore g'(x) = p.q(x) 
=p.f(x) (qIL.=fIL.) 
= p.(-f.g(x)) 
= -g(x) (p・(fI L1) = lL1) 
Hence U*( -g')ヨX(glx)' Then U*(-g')~X(glx)ヨK牢(gIK.)=K* since X~ 
K*・(Weare considering the case K1宇O. 80g宇O. And we have X~K*・)
Nowwe comderthedimdecomposidon U=qe(22eq(-g'luh))Put 
K~: =K n U*( -g'). Then K~ ~K* since U*( -g')ヨK*・ 80K~c U*( -g') 
for K*守U*・ Hencethe case A occurs in this direct decomposition. Let 7!f: 
U( -U1EB U*( -g'))→ U1 be the projection and put K!t: =ポ(K). Then IK1'1 
くIIKllI，since K~~K* induces IIK~II>IIK*" and(IIKII=) IIK111+IIK*II=IIK!t1l 
斗 IIK~II. Therefore the direct decomposition U=UIEB(~EBUk(-g'lu.)) give 
us a contradiction to the minimality of IIK1I. 一
As a consequence， taking an adequate direct decomposition of U， the special 
case K1 = 0 occurs in the case A. 
DEFINITION. Let R be a right artinian ring. We say that R is right Co-
Nakayama if every indecomposable injective right R-module E is uniserial (i.e. 
E has a unique composition series.). 
Corollary. The following two conditions are equivalent: 
(1) RisrなhtCo・Nakayama.
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(2) For any uniform modules Ui and Uii= 1，…，m;j-1，…， n) of finite com-
position l勾 thpelUiおalmMeIUf1ザectiveグUiis almωUfiザective戸ral i 
and j. (i.e. The almost injectivity among unずormmodules of finite composition 
length is closed under finite direct sums.) 
Proof. (1)時 (2): If Soc(Uk)均 Soc(U，小 UkEBU1 is extending for simple 
modules by (1). Then Ui is almost EB Uj・injectivefor any i E {1，…， m} since 
the condition in Theorem holds. Give a diagram: 
f 。 ーL z -eu j
f 
EB Ui 
Let 貯金Ui→Uibe projections (i= 1，…， m)・ CωO∞nsωert山hef，制0110仰wi均n略gdiagrams 
for i= 1，…， m: 
t 。 L @1U j
(件i) pj' f 
Ui 
If the五rstcase occurs in a1 diagrams (持仏 letJi:会Uj→Uiwith pj .f= Ji・4
f=(るJj)・i，i.e. the五rstcase occurs in the given diraagm. If the second case 
occurs in a diagram (件r)(rE {1， "'， m})， let U' be a direct summand of EB Uj， 
だ:euj→U'be a projection and lr: Ur→U' be a homomorphism such that 
z・たJ，..Pr .f， the second case occurs in the given diagram. Therefore るUiis 
almost EB Urinjective. 
(2)時 (1):Claim. For each unifol'm module U， UjSoc(U) is also uniform. 
First we show this claim. Let M1 and M2 be submodules of U with IIMjll 
=2 (i-1， 2). Then Soc( U) is almost Mr-and M2-injective but neither M1-nor 
Mz-injective. M: =Mr EBM2 is extending for simple modules by (2) and Theo-
rem. Let ls: Soc (U)→ Soc( U) be the identity map. There is an isomorphism 
f: Mr .， Mz such that f 1 soc(u) = 1$ by [3]， Corollary 8. Let 1: U→Uand ち:
M2→ U be the identity map and the inclusion map， respectively. Put g: = 1Ml 
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らー.f:M1-参 U. Since flsoc(U)=ls，g(Soc(U))=O. And so g(M1)CSoc(U) for 
IIM1 = 2. M1= 1 (M1) = (ら.f+g)(M1)三 i2・f(M1)十g(M1)cM2十Soc(U) M2・
Hence M1 =M2' i.e. UjSoc (U) is uniform. 
Let E be an injective indecomposable module. Since R is right artinian， 
]'1 = 0 for some n. Hence E has the finite socle series: 
。=SOCS1CS2C…cS禍 =E
for some m豆n，where Sj is the left annihilator of Ji for each i. Then apply 
inductively the above claim to this series to see that Sd Sj-1 is simple for each 
iE {1，…i m}， whence the assertion follows. 
EXAMPLE. There is an example which shows that the Azumaya's Theorem 
is not able to be extended without an additional condition. 
Let K be a field and 
'K 0 K 
R= ¥ K K 
o K 
Then， e33R is almost elR-and e2R・injecti、叱 butnot almost enREBe22R-injec-
tive， where ekk are matrix units. 
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By 
Yoshitomo BABA and Manabu HARADA 
We， have defined aconcept of almost M-projectives and almost M-injectives 
in [4J and [9J， respectively. ln the first section of this paper we give some 
relations among lifting modules， mutually almost relative projectivity and locally 
semi-T-nilpotency. After giving a criterion of mutually almost relative projec-
tivity between two hollow modules in the second section， we give a characteri-
zation of lifting modules over a right artinian ring. Further we show a dif-
ference between M-projectives and almost M-projectives. Those dual properties 
are gives in the third and fourth sections with sketch of proofs. 
We shall give several characterizations of right Nakayama (resp. right co-
Nakayama) rings in terms of almost relative projectives (resp. almost relative 
injectives) inforthcoming papers (cf. [9J). 
1. Almost projectives. 
Throughout this paper R is an associative ring with identity. Every module 
M is a unitary right R-module. Let M be an R-module and K a submodule of 
M. If M手M'ートKfor any proper submodule M' of M， then K is called a small 
submodule in M. lf f(ハK'手ofor every non-zero submodule K' of i¥r!， we say 
that f( is an essential submodule of M. If every proper submodule of M is 
always small in AI，ル1is called a hollow module and we dually call lv! a uniform 
module， provided every non-zero submodule is essential in i¥rf. If EndR(M)， the 
ring of endomorphisms of M， is a local ring， M is called an le module. By 
J(1'v!) and Soc (M) we denote the Jacobson radical and the socle of M， respec-
tively and 1ル1 is the length of Aイ.
Following K. Oshiro [15J and [16J we de自nea lifting (resp. extending) 
module. If for any submodule N of iV!， there exists a direct decomposition M= 
i¥l1lJJM2 such that 
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(D1) NコM1and M 八Mzis small in M2 (and hence in M) 
(resp. (C) M1二コNand N is essential in i¥I!l)， 
then M is called a lifting (resp. extending) module. lf M is a lifting (resp. ex-
tending) module with [1¥;/[く∞，M is a direct sum of le hollow (resp. uniform) 
modules from the definition. Hence we shall study， in this paper， a lifting 
(resp. extending) module which is a direct sum of le and hollow (resp. uniform) 
modules. 
We shall recall notations given in [9]. Let there be given a direct decom-
position i¥lf二 jV!lJ)M2，and letπl:M→M1 and 7rz : M→jV!2 be the projectives. We 
shall use the following facts: 
(i) Let!: M1→M2 be a homomorphism. Define J'v!1(f) = {x+!(x)[xEM1}. 
Then i¥lfl(f) is a submodule of ，¥1 isomorphic to M1 and iv!=M1(f)⑦1'V!2・
(i) Let N1， NI， Nz and ;V2 be submodules of M such that NicNicMi for 
i = 1， 2 and let there exist an isomorphism h: N 1/ N，→N2/ N2. We shall often 
consider h as a homomorphism Nl→N2/ N2 in the natural manner， so that N1 
is the kernel of h. Let N= {x十y[xENl， yEN2 and y+N2=h(x)}. Then， as 
is easily seen， N is a submodule of M and πl(ニV)=.VI，πz(N)=N2. Further 
N，パMi二 Nifor i二 1，2. We shall denote this N by 
(1) Nl(h)N2. 
(ii) Let N be any submodule of M. 
i=l， 2. Then clearly N，ωcNtci¥lfi for 
Put Nω二 L'vfiハN and 7r i(N)= Ni for 
i=1，2. Let xENl. Then there is a 
Y E N2 such that x + y E N. Such a y is not necessarily unique， but is unique 
modulo N2・ Byassociating x十N，ωwith y+Nω， we have an isomorphism 
h: JVl/N，ω→JV2/ N(2)・ Itis obvious that N= Nl(h)λ.12 in the sense in (i). 
First we shall decompose a proof of Azumaya's theorem [3J (see [2J， Pro-
position 16.12) for an application to almost projectives， which is the dual ob-
servation of [4J， Lemma 1. 
Let MI' i'v!2 and lV be R-modules. For a submodule [( of M=M/DM2' take 
a diagram : 
ν 
(2) ，¥1= M1⑤l'V!z一→ (MlBAlz)/f{ -→ O 
〈
入「
Let 爪:Al→l'v!i be the projection for iニ1， 2. Put I{i =同uピ)，f(ω= f(:"¥1¥li and 
K=f(l(f)f{? from (1)， where !: J(I//((l)→f{2/ f{(2)・ Since f(cJ(lffiJ(2， there 
exists the natural epimorphismν': Af / J(→:¥1/( f( IfiJ(2):: ;'v/I/ f( lfiMzI 1(2. By元a
'民
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01 M/(KlffiKりwe denote the projection onto Nld K昔inthe last dec.O(llposition 
and We put Þ~~7f t lJ' for l=l， Z. We note t_hat .lJ'=バ+ν41andu;νlMtis nothing 
but the natural epimo叩hismlJi of Mj onto MdKi. Further ker lJ'=.(KlffiK2)/K 
~((KlæK2)/(KωffiKω))/(K/(Kω@JEω)). Whi1e (KlEeK量)/(K，ωEB).Kω)mK1/kt3
ffif(21ん3and K町/CぽKω崎 Kん符仰ω>)片=〈ぱ1(1，叱V叩{げω(σωfη)済K2}電勺2)/り弘ゐνv偽ゆKω
(whr，聡chi抱8a g悶p凶hi加n(K1EDK2竹)ν/パ{K(ωzO〉@ K払Eω CM1J/ Kι〈ω1ο，(I!JM'iK，ω茸幻)). Hence ker jJ' 需
。fMdKωlato 
and We obtain: 
zgkl/K〈i3ヌ::K'/./ Kω・ Let9 be the canonical monomorphism 
MIκThen g gives the above isomorphism ~ f(IIKcl)→kerd， 
the commutative diagram: 
glKl/K，〓
!(1/Kω →ー-→ker〆
J f 
.， 
MIK， 
g 
MI/K，ω 
wt鴎rei and r are inclusions. 
'Fr:orn those oaservations we 'Obtain two diagtam8: 
4砂
。ν(IM1 →MtlKJ. M). (3) 
ν;h 
N， 
and 
+0 
?
? ?
?
，?
，?
?
?
?
? ?
N. 
ME (3') 
Here we a則 II!?thatthere eX1stsん:N→MJ釦ehthat (りν1M，)ん=りhfor /=1， Z: 
Put th=凶d仏51+吋hんω2d)一→h:N→qAみM桁品Wt4ψ仰1/
(ων，一卸〆的，ワ)川h=O. Hence t(NJCker v'・ Put g'=Ctl(Kl) K(l)))斗:ker 11→Kl/K.〓包C
1¥11ノん.，Sinee ，.，(M，)=g(M1/ K，ω)， g.' exists on lI(M:ふ Thus we Qb凶 a…
dia，gram :-
一。
g・1νIMl
M1一一一→MtlKl(4) 
!?g 
N. 
Finally we邸sume1n (4) that there exists hf; N→M1 suc.h tbat g-tωJMt}kt=g'tj 
Thecil i.e.(叫M1.ihJ=tt>y <lpera討:噌 8・
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h=ν(kl十月2)一(ν，M1)ht=ν(ム-ht)十万2) and 
(5) 
(h1-hn+ん:N一→M.
We recall the den.nition of almost M-projectives [9J. Let M and N be R-
modules. For any exact sequence with J( a submodule of M: 
ν 
M-→ M/K-→ O 
↑h 
r N 
if either there exists h : N→M with 凶 =h or there exist a non-zero direct sum-
mand !V[1 ofルfand k:」Ml→Nwith lk=ν!九11，N is called almost M-trofective 
(if we always obtain the n.rst half， we say N is M-trofective [3J). 
We note the following fact: 
When N is almost M-projective and Al is indecomposable， 
(持) if the h in the above diagram is not an epimorphism， 
then there exists always an h : N→M with ').h二 h.
We frequently use this fact without any reference. 
The following lemma is useful on almost projectives. 
LEMMA 1. Let Ml' Aイ2，••• ， M n be hollow modules and N aηR暢moddle.As-
sume that N is almost Mi-trofective lor al i. Take a diagram with f( a sub-
module 01 ~EBMi : 
ν 
2Jf-1EBMi -→(2JEBMi)/ K →ー O
h 
N. 
1 h(N) is small in (2JEBMi)/ J(， h isliltable to h :人r→2JEBiVh i. e. h=νh. 
PROOF. We shall prove the lemma by induction onη. Ifη= 1， itis clear 
from the definition. We assume that the lemma holds true for Mキニ2Jj2EBMj 
and put M=M1EBM*. Let 爪 bethe projection of M= ~j 1EDMj onto Mi. As-
sume日rstthatπl(I() (=1(1)二 1'v/1.Put π*=211ご2πj:M→MへK*ニπ水(f()，K(1)= 
K(¥I¥1/1 and f{(判=[{ハM*. Further set M = M/(f((I)EBKω)つK= K/( K (1 ):，flK休)). 
Since f¥=Kl(h)K本 with h: /{1 / !{(l)::::; [( * / K(判 from(1)， we obtain KcM1/ K(l) 
⑦M*//¥.い)=(M1/ K(I)(h)@Mネ/K削コ;'yfand K =(ル/1/1¥(1))(h).Hence AIネ/K(判 ZZ
M / K :;M / K， and by (/J we denote th is isomorphism of 1¥1*/ f((判 onto.¥1/1(， 
Accordingly we have a commutative diagram : 
日
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M*ー →M*/Kω 一→O
i ↓? 
M ー→ M/J( -→O 
h 
N. 
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Sipe p is an isomorphism，by assumptions there exists が:N→M*such that 
νホh*二¢一lh，and so ν(z・5*)=少日h水=h. HerICe j;*:JV→A1 is the desired map. 
Thuspwe Can assume that kl手]¥Ifl. Since h(N) issmall in ]1;1/ J(， for ν仇 inthe 
diagrams (3) and (3')， l.J{ h(N) and l.J ~h ( N ) are small in ]¥Ifl/ J(1 and M* / J(へ
respectively.Hence by assumption and induction hypothesis，there exist 
h 1 :入f→M1and庁*:4V→M*，which make the diagrams (3) and (3') commutative. 
Let t and g' be the mappings defined after (3'). Since lvJ1 is indecomposable， 
ピt(N)c!(1/K(ll and J(1手Ml，thereexists k;:N→M1 which makes the diagram 
(4)commutative.Therefore jl is likable tok:iV→2:EBMi as is shown in (5)・
By de凸nitionwe have 
LEMMA 2. Let {lvJα} 1 be a set 0/ almost ]¥If-pro;'ectives /or a fixed R-module 
]1;. Then 2:1EBJ¥!Jα is almost M-pro;'ective・
We have given some relationships between lifting modules and almost pro-
jectives in [9]. We give here a simpler relation for a finite direct sum. This 
is dual to [14J， Theorem 12， however the proof is not， because we used injec-
tive hulls in [14J， but we can not take here projective covers. 
-THEOREM1.Let {凡{}f 1 be a set 0/ le and hollow modules. Then the /ol-
lowing are equivalent: 
1) ;¥;f二三JL1EBM，is li/ting. 
2) Afi is almost jもんやrojectivefor any i手j.
tive. 
3) For any subset J inI二 {1，2，…， n} 2:/D]¥Ifj is almost 2:1-JのMrprojec-
PROOF. 1)→3)→2)， This is clear from the de日nitionof almost projectives， 
Lemma 2 and [9J， Theorem 1". 
2)→1). If we can show that every non small submodule N in M contains 
a non-zero direct summand of ]¥If (i. e.， AJ' satisfies (1一Dl) in [9J)， then M is 
lifting by [9J， Theorem 1". In order to get the above fact， we shall show 
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every non small submodule in 1v1 contained in M;EEìJ'vl~EB . M~EB Tk+I EB 
(6) . EB Tn contains a non-zero direct summand of M， where M= ~f 1⑤1v1; 
is any direct decomposition into indecomposable modules M~ ( ~ 1\1;)， 
and the Ti are small in M~ for i ~三た十1.
We may assume Al~=_Mi in (6). If (6)istrueforall，々 taking k = n十1(Mし1=
T川 lニ0)，we are done. Consider (6) with k = 1. Let N be a non-small sub-
module contained in M1EBL:f 2EBTi， and put JV!*=J'vllJ)lVI3⑦ ・ EBlvl n. Let 
π1: M→M1 and π*: 1-1→1v1* be the projections. Since N is not small in 1¥1  
and the Ti is small in Aイifor a1 iミ2，πJ(N)=Nl=MJ. Then from (1) Nニ
!vft(h)S*， r where N*ニ πネ(N)，N(l)ニ lVIハ1¥1[， Nc*)二 NI¥JVJ*，and h: M1/N(l):::::: 
N*/Nc判・ Since "VホcL:?2EBT;， Nホ issma11 in 11/[* and hence N* / N(*) is sma!! 
in M*/ N(判・ From those datas we obtain the diagram : 
ν 
M*=M2EBM3⑦ ・・・のlv1n一→ M*/Nc*) 一→O
M1/ NCI) 
小
νl 
M1 
Since .!v[1 is almost J'vlrprojective for a1 jミ2by assumption and h(lVl1/ N(l))= 
N水/N体)is small in /1，1*/ N削， thereexistsk:JV→Aρwith LJK=J11Jl bY Lemma 
1. Hence N contains M1(h) a direct summand of _H (consider M/(人fωE9Nc*)つ
N/(N(l/!iJNc*)， cf. the proof of [9J， Theorem 1). Assume that (6) istrue for 
a1 k'豆た andlet _VcJvl/B. El1Vfk+JEBTk+2EB. 8Tn (kミ1). We may assume 
πl(N)=M!. Let ρbe the projection of 1¥1 onto M料 =MI⑦M2・ SinceπI(S)ニ
凡11，ρ(N)is not small in M料. Then M料 being!ifting by [9J， Theorem 1ぺ
M料 =L/eBL2 and p(N)= L1⑦(L2ハρ(N) with Lョペρ(N)sma!l in .!vl料. Since 
Li is a direct sum of at most two direct summands， we put LI ニ M'(8M~
(M'(手0)，L2=M';， where Mf :::one of {M1， :¥12， (O)}. Tben Mニルf料⑦J146 ・
⑦MnコM'(EBM~æM';EBMaffi . (8M k+l⑦Tk+2EB…のにつN. If M~=O， i.e.， L1= 
M'( and L2=!v1';， N satisfies (6) by induction， since p(N)ニM11⑦(M';ハρ(N))and 
i¥lJ'{ハ〆N)is sma11 in .W;. Assume M~手 o (and hence ，¥1';=0) i.e.，ρCV)= 
.!vJ'(のM~=M料. Let 7r~ be the projection of A1 onto M~. Since ρ(.V)=，¥J村，
NÍ\ 7r~ -1(0) is not sma!l i n M and .Vハπ;一1(O)C .¥，f'( 30(8:vlぷ3-・ EBJH k+ 1 (2)Tk+2S 
一②T". Hence ( 入「つ ) 人'rì π~ - 1 ( 0 ) contains a non 
assumption of induction. Therefore (6) is true 
contains a nOローzerOdirect summancl of M. 
zero direct summand of .¥1 bv 
for any /" and so .V always 
On almost M・projectivesand almost M-injectives 59 
THEOREM 1is not true lfiiMaj I is an iIIHI1ite set，even though {Afaj I is 
locally semi T-nilpotent，Which is given in[7]，p.174，and bdeny lsTI1(see 
example before Theorem 2below).In [9]，Theorem ythe locally semi-T-
nilpotency is important.Concerning this fact we have the following lemma. 
In the proof we make use of certain factor categories given in[7]・ Wedo 
not know a module theoretical proof. 
LEMMA 3. Let {}v1α} 1 be a set of le modules. lf M= 2JIEBMαz's lzjting， 
then {/viα} 1 is ls Tn. 
PROOF-From the def1muon of Is TIl，we way assume that f is an innnite 
set. L::t Jlo= 2J'=lEBM， and {fι: Al i→AJ，+l} a set of non-isomorphisms and 
M;=Mz(fi)CMz@MEN-Since iLfois lifting，for JLf*=27=leMLMo=T16T2; 
，¥1*= T1φ/¥1*ハ九 andλJ〆iTz is small in Jl *・ Here we shall apply some theo・
remS 011factor categories A/JF induced from le modules (see [7]，Chapters 6 
and 7)，and use tile same term i nologies given there.First we note that Jlfを is
also a direct sum of le modules， i.e.， ル同
submodules in T， and (/¥1*(¥ Tz)， respectively ([7J， 
l.lhl7'" be inclusions in M， Since j1l*(¥ T2 is small in 
and 
日刷on of .J' in [九 p. 148. Further 1.1/0 is an isomorphism by [凡 Theorem 
7J3.13pTand-ih=iT1+jpfK1T2=iT1・ Onthe Other hand，iMo=jTI+iT2・ Hencei7'o=O， 
SInceITI=lh is an isomorphism and iTl，iT2are m山 allyorthogonal idef~。じ
ents， and 50 T2二oby [7J， Theorem 7.1.2. According i'v1o=M*. Therefore 
p. 169). Let 
1"10， 1.1/0-¥1'2=0 
Z.l/o， ZTi 
by the de-
!九九}1 is lsTn by [7]. Theorem 7.2.7. 
THEOREM 2. Let {1¥1α} 1 be a set of le hollow and cyclic modules. Then the 
following are equivalent: 
1) jV!= 2JI⑤A1 a is lifting. 
2) ;'v/αis almost ;¥1o-troiective for any a手band {lv1α} 1 is Is Tn. 
3) 2JJEBMα， isalmost 2JI-JaMb， -troiective for any subset J z'n1 and {M} 1 
is lsTn. (cf. Theorem 4 below.) 
同OOF. This is clear from Theorem 1， Lemma 2 and 3 and [問9句J，T引h印
rem 1げ
We prepare the foIlowing lemma for an example below. 
LEMMA 4. Let M be an le and hollow module. Jf any in.finite direct sum 
of co戸iesof M is always Lifting，ルfis cyclic. 
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PROOF. Assume that M is not cyclic. Then xR is a small submodule in 
M for any x in M. Put D=2j:r巴J[{J)M:r(M:rニ M)and 5= 2j:r{J)xR， Taking an 
epimorphism 1: D→i¥l1 such that fIM:r=lめ weknow that 5 is not small in 
M. Hence 1v1 is not lifting from [9J， Corollary 2. 
Let Z be the ring of integers. Then E(Z / P)， injective hull of Z / p (p is 
prime) isalmost E(Z / p)・projective(see [12J). However 2ji l{J)Ei (Ei=E(Z/戸)
is not lifting by Lemma 4， even though {iVli=E(Z/戸)}is lsTn. On the other 
hand 2jp⑦E(Z/戸)is lifting. 
F 
2. Lifting property. 
First we shall give a relationship between lifting module and lifting pro-
perty. 
Let XコYbe R-modules and ν:X→X/ Y the natural epimorphism. lf， for 
a direct summand T of X/に thereexists a direct summand To of X such that 
T=ν(To)， we say that T is lifted to To・ Ifevery direct summand of any factor 
module X/Y' is lifted， we say that X has the lilting property of direct sum-
mands modulo submodules. If， for any submodule Y of X and for any direct 
decomposition X/ Y= 2j⑦Ti， there exists a direct decomposition X二2jEBnwith 
l.J( T~ ) = Ti for al i， we say that X has the lzjting proμrty of direct sums modulo 
submodules. 
We take a direct decomposition lV1ニエ{J)Mi. For a submodule Ni of Mi we 
call 2j{J)Ni a standard submodule of i¥;1 with respect to this decomposition 
2j{J)Mi・ Ifwe say a standard submodule in the following， that is a standard 
submodule with respect to decomposition into indecomposable modules. We 
note that ](X) and Soc (X) are always standard submodules with respect to any 
decompositions. 
PROPOSITIO~ 1. Let {.¥lα} 1 be a set of hollow and le modules and lv1二
2j1{J)Mα・ Assumethat {A1α} 1 is ls Tn. Then the followz.ng are equivalent: 
1) M is lzjting. 
2) M has the lilting property 01 direct summands modulo submodules (cf. 
[15J， S 4). 
PROOF. 1)→2) (The argument below is valid for any lifting module). Let 
N be a submodule of .¥1 and T a direct summand of A1/ N. Let ν:M→M/N 
be the natural epimorphism of M. We apply (D1) to the inverse image To of 
T. Then there exists a decomposition Mニ/vl'8M"such that Tnニ ，'v1'fiToハ:¥1"
On almost M-projectives and almost M-injectives 61 
and ToハAlグ issmall in lv1. Then T=ν(To)=ν(M')+ν(九ハM").Since ToハMグ
is small in M and T is a direct summand of M / N，ν(九八M勺 issmall in T. 
Hence T=ν(j1'). 
2)→1). Let To be a non-small submodule in M. Then there exists a sub-
module X (手M)of 1¥-1 such that M二 To+X. Now M/( ~。ハX)=To/(ToハX)⑦
X/(ToハX)and九j(ToハX):;tO. Since 1¥1 has the lifting property， M=J'v1'fiM" 
and (M'十ToハX)j(九八X)=To /( ~。ハX ) ， and so 0手M'cTo. Therefore M is lift-
ing by [9J， Theorem 1". 
The following corollary shows us a difference between l¥l-projectives and 
almost M-projectives. 
COROLLARY. Assume 1/1=n<∞ and 1 A1i 1 <∞ in the above. Then the fol-
lowing two conditio月sare equivaleηt : 
1) J1i is almost l'vlr戸roiectivefor al i手j.
2) ;¥1 has the li[ting troperty of any indecom戸osabledirect summands modulo 
standard submodules. 
Sz'mz'larly the following two conditions are equivalent: 
3) Mi z's A4r戸rojectiIノefor al z'手j.
4) jV1 has the lzjting troterty o[ direct sums modulo standard submodules， 
(cf. [15J， S 4). 
PROOF. 1)→2). This is clear from Theorem 1 and Proposition 1. 
2)→1). Put ;'v1*=M/D，H2. We can show by routine work that /11* has the 
lifting property of indecomposable direct summands modulo standard submodules， 
since so does M. Let X be a non-small submodule of M*. Then π11 X orπ21 X 
is an epimorphism， where 7r i :九戸→/¥11 is the projection， say π11 X. Then 
X/(X(l)fiX(2) is a graph of 1¥41/ X(l) in M本/CX(l)⑦X(2) provided X(l)手i'v11， 
where Xω=x ハ/¥11，and hence a direct summand of M* /(X(l)のX(2)'Further 
X/(X(l)aX(2)) is indecomposable， and Xj(X(l)(BX(2)) is lifted to a direct sum-
mand X' of M* by assumption. Hence X'cx. If X(l)=M1! M1cX. Accord-
ingly M* islifting， and hence M1 and M2 are mutually almost relative projec-
tive by Theorem 1. 
3)→4) First assume that Ml' lv12 are mutually relative projective and M= 
,'vl 1ffilvlz• Put M=M/(N1⑦Nz). Let C be any submodule in M. We denote 
M i -::; (C+(N1⑦N2)/(N/JJN2) by C (CM). It is clear that M二 M/f)M2and 
Mt/Ni. Let M=AfiB. We note that if an R-module L is a日nitedirect sum 
of le modules Li! every non-zero i ndecomposable direct summand of L is given 
by a graph of some Li (see [7J， Proposition 6.3.3). Since Md N1 is an le 
there 
Hence 
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modu1e by 
司司『
Hence we may assume that a1 A， 
we can put A1 =M1(/1); /1: M1→~i Õ: 2 
Let ρbe the projection of M 
eXlsts there 
ho11ow 
assumption，we Can assume A=12l(fl);fI:必l→JU2・ Then
exists a decomposition M=M1(fl)fiM2， where 11 is a 1ifted one of /1・ C1early
五万:)=A. Since A2(ニ12げl)GA22)=A@J白z=A⑦B，B=J仏(ん);九:必2→A=
M1(f l)zM1(f 1)/(M1(f 1)ハ(N1EBN2)，(take the projection of M onto Mz). 
12: M2-歩lvJ1(fl)and MZ(f2)=B. Therefore M=AtJ1(fl)fiiv12(f2) is
the desired decomposition. Fina11y we study in a genera1 case. Let M=~r 1 
fiMd Ni=~r lfiAi・ SinceMd Ni is an 1e modu1e， the Ai is a direct sum of 
modu1es by Krull-Schmidt's theorem. 
are ho11ow. Without 10ss of generality 
fiMir and Mニ A1EBI:iO:2fiMi= A1fiA2⑤ …fiAn・
~i i! 2 ffiMi on the first decomposition of the above. 
is an isomorphism onto ~i;:Z⑦Mi' there exists， 
jection () j : ~i;;;2⑦Mi→Mj such that () jp I Az is an isomorphism， say j=2， whence 
A2=Mz(/z); /2: M2→M1(/1)EBM3⑦ ・・ ⑦Mn・ Simi1arly ん=Mi(/i)with /i: Mi-~ 
iql(λ)EB .・ ⑦12ト 1(]i-l)EBl仏@ -fBJQn
we can app1y the initial argument to those decompositions 
M=I:EBMi(fi). 
4)→3め)It is clear t出ha抗tiげfM=~ι 
Let 1: M1→Md品 b民ea homomorphism (Nz己己.¥-1ιz).The児nβ=λA11EBJげJι2/1λ¥L元二Aλ.¥1リfl(f乃) 
EBMzI Nz i同s1ifted tωo M= T1EB九 sucht出ha抗tTl=JMLl1(げf)aTη凶1吋d1'z二 1Hz/Nz. Let 
ρ:M→T1 and 1r2: M→/v1z be the projections. Thenπ2ρI M1 isa lifted one of / 
(see the proof of [8J， Theorem 2). Hence M 1 is.¥1 z・projective.
ρI (AzEB ・・ fiAn) Since onto 
pro-a remark， above the from 
[3J theorem Azumaya's of vlrtue By 
a 日nallyand obtain 
lifted direct decomposition 
criterion of a1most re1ative projectivity for two 
eR is ho11ow. 
so口leglve sha11 we Next 
Let A 10ca1 idempotent， i.e.， Let e be a 
We note that any e1ement in HomR(eR/.A， eR/ B) 
multiplication of x. 
eR. 
hollow (loca1) modu1es. 
and B be R-submodu1es in 
any 
Xl (x三eRe)，the 1eft-sided 
the definition and a fact: (eR/ A)/ J(eR/eA)zeR/eJ we have 
eR/ A is almost eR/ B-戸rojective. Then lor 
μnz't X suc九thatxAcBαnd x-u (mod eJe) orxBcA. 
that 
unit u iγ! eRe there eχists a 
Assume 
is given by 
From 
LEMMA 5. 
eR /.-[ is
Theη1(.4) 
that 
(mod eJe). 
Let M be an indecomposable R-module and 
almost M-projective， and take a non-ePic homomor戸hism101 eR to .¥1. 
=0 ([11J; [7J， Theorem 5.4.11). 
assume 
r : ??????Consider a derived diagram 
LEMMA 6. 
PROOF. 
and u-1三 χ
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j¥;f一→M/f(A) ー~O
f 
eR/A. 
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Since f isnot epic， h is same. 
assumption. Let ρ:eR→eR/A 
Hence there exists h: eR/ A→M with lJK=f by 
be the natural epimorphism and put h=hρ: eR 
→M. Since 凶 =f，
νf(e)= f(e十.4)=νh(e十A)=vhp(e)=νh(e) ， 
Hence 
(7) f(e)-h(e)= f(a) for some a in A. 
Now O=h(α)= h(e)α=f(α)-f(α)aニf(a)(l-a)from (7). Hence， f(α)=0 for 
aE.4Cej， and so f(.4)=f(e)A=h(e).4=h(.4)=O from (7). 
PROPOSITION 2. Let e aηd e'be local z"dem戸otents. Then 
1) eR/ A z's e' R/ B-trojective if and only if e' Re.4CB. Jf e寺6e'，eR/ A is 
e' R/ B-trojectz've zj and only if eR/.4 is alnwst e' R/ B-trojective. 
2わ)IfθR/ A z'おsalmηwω5t eR / B-tro仰Bμf
3剖)eR/A arηzd eR/ Bヨαremηwtuallかyalmηwst rel何atμivetrojectiれvezj and only zj 
eJμeAcB， ejeBCA and for aηyur問tUmyn11iμ~'t element u i仇.η eReム，uA己B or BCuA. 1η 
tarticular Ac B or BcA. 
PROOF. 1) isclear from [lJ， p.22， Exercise 4 and 2) isclear from Lemma 6. 
3) (This is the same argument given in [10J). Assume that eR/ A and 
eR/ B are mutually almost relative projective. Then ejeAcB and ejBcA from 
2). First assume that eR/ B is almost eR/ A-projective. Let u be any unit in 
eRe. Then by Lemma 5 there exists j in eje (resp. j') such that 
a) (u+ ;")AcB or b) (u-1+ j')BCA . 
a): uA=(u+ j)ー j)AcCμ十;")A+jAcB since ejeACB. We obtain similarly 
u-1 BCA in case b). 
The converse is clear from de日nitionand the initial remark before Lemma 5. 
Let R be a right artinian (basic) ring and {e;}ι1 a complete set of mutually 
orthogonal primitive idempotents. Then every hollow module is of a form 
eiR/ A. Take an R-module 1'vl which is a direct sum of hollow modules: 
lvl=~i~n(ij)ε 1 /Jj(ei R /Aij)(川 tJ〕〉;ezR/AZj学ei'R/ Ai' j'if (i， j)
(8) 
手(iソ')(and n(ij)手0，which may be infinite， for a!l i and j)， 
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where K<n(tj)) is the <iirect sum of n(ii)-copies of κ 
If AJ I$ lifting" then from Theorem 2 and ProoOsition 2， we obtain. 
IId=向く∞ fo'fal i. 
After changing induCe$ 
i) lI 陶芸E2
(9) 
etRコAi1コ RiAi~コAî2コー..コRiAi町コAiniコ
2.1:'写んJekA"'l where Ri=etRe.~ 検
If 1Ît=l， 向RコA~，lコ2J，k*îeiJe~A It1-
iH) lf 1l.(ii)孟2，Atj ischaraeteristie. 
Thus we. obtain from Theorem 2 .and [8J; COiro11ary to Theoreru 4 
THEOREM 3. Let R be a dght artiniiJ.n ring and M an R-rftofIule. 
!ollawing ate equivalent:， 
1) 
2) 
'3. 
.M f$ l:ift伽go
iw ista direqct sum 01 hoflow m()dul~ as仰〔BLwhich satisfy 〈9).
Almost injedives-
Tfum the 
Following[4]we recall the de日nitionof almost V・injectivesa.nd study some 
pr.oterti倒。ft.hem. 
Let V and U be R-Ii1odules and VコV'. Consider the 
witb i the inc1usion a.hd. two conditions 1) and 2): 
1) 
。 Vー'
h 
U 
t 
~V 
There exists k:V→U such thatki=h or 
following diagram 
お There
that Ehzd， 
exist a non-zero dtreet summaad Voof V andk:U→V4 $ucb 
wh:ere π;V→Vg isthe Foiedior10f v onto V担・ U治 calledalmfJst 
V-Ifzjective if the above 1) or 2) holds for any submQdule V' of V and any 
h:Vι+U(U is called M，injectiue if we haveOnly l)[3]). 
The f0110Wfn" lem翻王監i$d.uat tQ a spec:i，al 'Ca:se of Th:eorem 1. 
LEMMA 8. Let U 1 and U 2 be le qnd uni f O1'm modut'e.-8 and U ~Ul au 2-
the !dUOωing Gre equiualent; 
1) U is ;exIi.O:Rd仇g.
'Then 
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2) U1 and U2αre mutually almost relative iη:jective. 
PROOF. 1)→2). Let V be a submodule in U=U1⑤U2・ Wemay assume 
that V is uniform. Let iC i be the projection of U onto U i. Since V is uniform， 
V=U~Ui) (i=1 or 2)， where U~=7て i ( V ) and /i:U~→Uj ()手i).Assume V = 
U~Ul ) and take a diagram 
。 U;ー→ U1
「 U2 
Then since the U i are indeco町 osable，thereexists fl:Ul→U2 or U2→U1 with 
Jdlニ ior JJ=/1 by 2). Hence V=U;Ul)CU1(Jl) or VCU2(Jl)， which is a 
direct summand of U. 
1)→2). Consider the above diagram and de日neU'=U;Ul) in U/JJU2 • Since 
U' is uniform， there exists a decomposition U = V 1⑦V 2 and V 1コU'. Since V1 
has the exchange property， U = V JfJU 1 or = V I@U2， If the latter case occurs， 
え =π~I U1 is a desired homomorphism， where π~ : U _，.U 2・ Weobtain a similar 
result for the former (note， in this case， that /1 is a monomorphism). 
The following theorem is the dual to Theorem 1， which is essentially given 
in [14]. 
THEOREM 4. Let {Uα} 1 be a set 0/ le umjorm modules and Uニエ/aUα-
Assume that {Uα} / isls Tn. Then the /ollowing are equivalent: 
1) U is extending. 
2) U a is almost U o-injective /or al a手b.
PROOF. 1)→2). It is clear from Lemma 8. 
2)→1). (Essentially due to [14J) U = ~I⑦Uαsatisfies (l-C) (i.e.， N is 
uniform in C 1) by Lemma 8 and [14J， Lemma 11， and so every closed sub-
module A in U contains a non-zero indecomposable direct summand X of U by 
[14J， Proposition 6. Hence we can de自nea non-empty set F of direct sums of 
uniform modules in U as follows: F= {~ c '⑦Xc' I cA， Xc' is uniform and 
~c'⑦Xc ' is a locally direct summand of U}. We can白nda maximal member 
~cE9Xc in F by Zorn's lemma. Since {Uα} is Is Tn， ~c⑦Xc is a direct sum-
mand of U by [7J， Theorem 7.3.15， say U= (~cEBXc)E9U' and A=(2JcaXc) 
fiU'ハA. It is clear that U'nA is also closed in U. Hence U'ハA=Oby the 
maximality of ~c②Xc ・ Therefore U is extending. 
曹司e
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We consider a result similar to Lemma 3 for extending modules. 
PROPOSITION 3. Let U = ~EBUα be as above. Assume that U is extending. 
/1 /2 / n
Then there do not exist any infinz'te sets {U1-→ U2ー→ Un-→-一 ;the /i are 
monomorthisms but not isomorthisms}. 
PROOF. Let {fi: Ui→Ui+l} be a set of non-isomorphisms and put U*= 
エ@Ui(f i)C~$Ui ' Then we obtain a decomposition U' (=2JEBUi)=X⑤Yand 
U*C' X， i.e. U* is essential in X. 
Y=O (see the proof of Lemma 3). 
Since i*: U本→U'is an isomorphism in 
Hence Uキc'U'，and so U1nU*手O.
AjJ'， 
If we 
use this argument for the case where al / i are monomorphisms， we know 
that {f;} must be日nite.
EXAMPLE. R 1 (resp. R 2)is the ring of upper (lower) triangular matrices 
over a field !{ with infinite degree. Let ei=e(i be matrix units. Then ekRi 
is almost e.Ri-projective and almost e.R ;-injective for anyた， s and a日xedi= 1 
or 2， and further 2J.EB九R1 is lifting and extending by Theorems 2 and 4. On 
the other hand 九九 isalmost 2JjHfiejR2・projectiveand almost 2JjHEBejR2・
injective (cf. [4J， Theorem) for allιhowever 2J/BeiR2 is neither lifting nor 
extending by Lemma 3 and Proposition 3， since we have an in日nitechain of 
submodules; elR2Ce2R2C . CenR2c .. Further etR2 isalways almost 2JはiB
eiRγinjective for any n， but elRz is not almost 2Ji;2EBe(R2・injective. Because， 
we assume that e1R were almost 2Jは2EBeiR-injective，where R= R2・ PutU= 
2Ji;:2EBeiR. Then Soc (U)= 2Jは2fieiRel and eiRel:::=elRI=elR as R-modules. 
Take a diagram : 
0ー → 2JEBeiRelー → U
f v 
e1R， 
where / is given by the above isomorphisms. Since Homn(eiR， eIR)=O for z'孟2，
we should have a decomposition U=A⑤B and h : e1R→A such that h/ =πAi 
with π.1 : U→A. Further Soc (U)=Soc (A)EBSoc(B) and πA I Soc (A)= lSoc<Al・
Hence h/=π，li implies that Soc (.-1) issimple， and so A is indecomposable and 
B is a direct sum of indecomposable modules B j (j孟2)by [7J， Theorem 8.3.3. 
Accordingly we may assume that A=entR(ft); /1: eπtR→2Jk*ntEBe kR and B j= 
enjR(fj); /j:enjR→~bnj⑦九R. Since eiR坊ejR if i手j，nt手nj by Krull-Remark-
Schmidt-Azumaya's theorem. Hence we can assume that A=e"R(j n) for some 
1 and Bj=ejR{/j) (j'手nand Bn=ezR(f2);刀 maybe 2. Since HomR(eiR， ejR) 
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二 ofor z"> j， we know en+1Rc2:，j孟n+l⑦BjCB
h I(e n+l R e1)= h(e lR el)手osince e1R=e1Re1 is simple 
(fJeiRe
" 
while h/(en+1Re1)=r.A(e叫 lRel)Cr.A(B)=u， 
from the structure of B j' 
and Soc(A)CSoc(U)=2:，は2
a contradiction. 
4. Extending property. 
We shall consider a dual concept to s 2(cf. [6J and [16J). Let UコVbe 
R-modules. Take a direct summand V1 of V， i.e.， V=V1EBV2・ If U has a 
decomposition U二 U/JjU2such that U1ハV= V l! we say that V 1 is extendible 
toIll- lf， for any submodule V， every direct summand of V is extendible to a 
direct summand of U， we say that U has the extendz"ng troterty 01 direct sum-
mands. If U has a decomposition U= U/fj U2 such that V i= VハUi(i= 1， 2) for 
al V and V i> we say that U has the extending troterty 01 direct sums. 
The following results are dual to ones in S 2. Hence we shall skip proofs 
except Lemma 9 below. 
ln order to show a di百erencebetween U司injectivesand almost U-injectives， 
we shall give the dual to corollary to Proposition 1. 
PROPOSITION 4. Let {U;} i，=1 be a set 01 le and unz"form modules and U= 
2:，7=lEBUi・ Thenthe lollowz.ng are equivalent: 
1) Ui isalmost Urinjectz.ve for al i* j. 
2) U has the extending troterty 01 dz'rect summands. 
Further the following are equivalent: 
3) Ui isUriηjective lor al i手j.
4) U has the extending troterty of direct sums. 
Let E be an indecomposable and injective module and T=EndR(E). Then 
T is a local ring with radical = {f I "=T， ker 1 (ごE}(see， [12J and [7J， Proposi-
tion 5.4.9). Let U1 and U~ be uniform modules and Ei=E(Ui). lt is clear from 
the definition that if El手E2'U1 isalmost Uz-injective if and only if U1 isU2・
ln]ectlve. 
Dually to Lemma 6 we ha ve 
LENIMA 9 ([12J; [7J， Theorem 5.4.2). 
and Ei an uzjective hull 01 Ui lor i=l， 2.
Let 1 lJe not a mOl!omorthz.sm 01 Ez to E，・
Let U1 and U2 be unilorm modules 
Assume that U1 z"salmost U2・injective.
Then I( U2)C Uぃ
PROOF. Put U二 1-I( Uj)n U2， and take a diagram : 
ー園田園
『
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0-→ Uー→ U2
flU 
U1， 
Since f-'(O)ハU手0，there exists g: U2→U1 such that g I U= f I U by assumption. 
We may assume that g is an element in HomR(E2， E，). If (f -g)(U2)手0，then 
since E~コU， there exist UI手OEU
"
U2EU2 such that (f-g)(U2)=Uぃ However
g(U2)EU1， and so U2EU2nf-'(U，)=U. Therefore (f-g)(U2)=0， a contradiction. 
Hence f(U 2)=g(U2)CU 1 • 
Finally we exhibit the following proposition dual to Proposition 2. 
PROPOSITION 5. Let E be aηindecomposable and iηjective module and U1， U2 
submodules of E. Then 
1) 1f U1 is almost U2-in_iectz've， ] (T )U2cU 1• 
2) U1αηd U2 are mutually almost injective if and only if ](T)U1CU2， 
](T)UzcU， and for any zmzt f in T， f(U，)cU2 or U2cf(U，)， where T=EndR(E). 
PROOF. We can prove the proposition by virtue of Lemma 9 and its proof. 
If either U 1 or U 2 has凸nitelength， for every unit f we have only a自xed
side of f(U，)cU2 and U2Cf(U，) in2). While let Zp be a local ring over the 
ring of integers Z， where p is prime. Then (pn) and Z p are mutually almost 
injective. For units 1 and pべn+llin Q=Endzp(Q)， Z pC戸ぺn+ll(pn)and (戸π)c
1・Zp・
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